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Before classes



Remember: graph representation methods

Adjacency matrix

A =

 1 1 0
0 1 0
1 0 1

 .

Adjacency list

L = {{1, 2}, {2}, {1, 3}} .

1 23
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Remember: vertex degree

Vertex degree
Number of incoming or outcoming edges.

kout = {4, 2, 3, 2, 4},

kin = {3, 3, 3, 3, 3}.

1

2

34

5
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Remember: discrete probability distributions

Discrete probability distributions – examples

• binomial distribution,
• Poissona distribution,
• Zipf distribution.
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Exercise to think about - continuous distributions

In complex networks, you often replace discrete distributions with
continuous ones (this is the way we’ll think during class).

Find continuous analogs of distributions from the previous slide.
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Lecture



Why are networks/graphs so useful?

Graphs are an illustration of a relationship
What relations are illustrated in the following graphs?

Osama
Salim

Ali

Abouhlaima

Kherchtou

Fawwaz

Abdullah

Hage

Odeh

Owhali

Fazul

Azzam

Atwah

Fahad

Fadhil

Khalfan

Ghailani
Awad

SNARS 6



What is the difference between graphs and networks?
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Why networks are complex?

Properties of the real networks

• distributions with fat tails.

• heterognecity.
• small-world phenomenon (six steps?).
• vertices are strongly correlated (see clustering coefficient).

Which of these graphs represents the real network?
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What is complex network science?

Network Science is a composition of

• mathematics (Graph Theory, Probability Theory, Statistcs),
• physics (statistical physics methods, phase transitions),
• computer science (graph visualization, storage and processing
of large networks),

• data science,

with expert knowledge from

• sociology,
• economics,
• biology,
• medicine,
• engineering,
• and many other...
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The story of network science – SevenBridges of Königsberg (1736)

Source:

wikipedia
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The story of network science – early sociologist works (70s. of XX
century)

Great interest of sociologists in researching social networks
The most cited work from this period:
M. S. Granovetter. The strength of weak ties. American Journal of
Sociology, 78: 1360, 1973.

• mainly qualitative research,
• independent of the research of mathematicians in graph theory,
• we do not focus on this line of research (with one exception!).
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The story of network science – Erdös i Rényi (1960)

The first quantitative model of random networks
P. Erdős, A. Rényi. On random graphs. Publicationes Mathematicae, 6:
290, 1959.

• simple model in which we connect vertices randomly.

• there are two types:
• with E edges and N vertices attached randomly.
• with N vertices and probability of connection per edge equal to p.

More details on Lecture 5.

SNARS 14



The story of network science – Erdös i Rényi (1960)

The first quantitative model of random networks
P. Erdős, A. Rényi. On random graphs. Publicationes Mathematicae, 6:
290, 1959.

• simple model in which we connect vertices randomly.
• there are two types:

• with E edges and N vertices attached randomly.
• with N vertices and probability of connection per edge equal to p.

More details on Lecture 5.

SNARS 14



The story of network science – Erdös i Rényi (1960)

The first quantitative model of random networks
P. Erdős, A. Rényi. On random graphs. Publicationes Mathematicae, 6:
290, 1959.

• simple model in which we connect vertices randomly.
• there are two types:

• with E edges and N vertices attached randomly.

• with N vertices and probability of connection per edge equal to p.

More details on Lecture 5.

SNARS 14



The story of network science – Erdös i Rényi (1960)

The first quantitative model of random networks
P. Erdős, A. Rényi. On random graphs. Publicationes Mathematicae, 6:
290, 1959.

• simple model in which we connect vertices randomly.
• there are two types:

• with E edges and N vertices attached randomly.
• with N vertices and probability of connection per edge equal to p.

More details on Lecture 5.

SNARS 14



The story of network science – Erdös i Rényi (1960)

The first quantitative model of random networks
P. Erdős, A. Rényi. On random graphs. Publicationes Mathematicae, 6:
290, 1959.

• simple model in which we connect vertices randomly.
• there are two types:

• with E edges and N vertices attached randomly.
• with N vertices and probability of connection per edge equal to p.

More details on Lecture 5.

SNARS 14



The story of network science – Erdös i Rényi (1960)

Degree distribution

P(k) = fraction of vertices with degree k

2 4 6 8
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12

Is this a real network?
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The story of network science – Milgram experiment (1967)

Attention!
Do not confuse the correspondence experiment with the famous
experiment of obedience to authorities!

The famous six handshakes
Milgram, Stanley, The Small World Problem, Psychology Today, 1967.

Experiment description

• Milgram mails to 160 of randomly selected people a letter
describing the experiment.

• The aim of the experiment was to deliver the letter to a certain,
random person, whose photo, address and personal data were
included in the letter.

• If the recipient of the letter knew the addressee personally,
he/she should deliver it to him/her, otherwise he/she should
send it to another person who she/he suspected might know
the addressee.

SNARS 16
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The story of network science – Milgram experiment (1967)

Conclusions

• Most of the letters were lost.

• Only 42 out of 160 sent reached their destination.
• Few of the needed only two intermediaries to get to their
destination!

• On average, the received letters were only forwarded six times.

Fun facts:

• Erdös number of scientist is the number of works which
separates her/him from Paul Erdös.

• Bacon number of actor/actress is the number of movies which
separates him/her from Kevin Bacon.

More details during Lecture 4.
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The story of network science – Watts-Strogatz model (1998)

Problem:
Poissonian graphs do not have small world property.

WS Model
D.J. Watts, S.H. Strogatz, Collective dynamics of ’small-world’
networks, Nature. 393 440–442 (1998).

Description:

• We start with a decorated regular network with periodic
boundary conditions.

• With probability p we switch every of nodes.

More details during Lecture 5.
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The story of network science – Watts-Strogatz model (1998)
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The story of network science – Barabási-Albert model (1999)

Problem:
Real-world networks usually have power law like distributions.
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What does it means?

• No typical scale.
• Fat tails.
• Fast spreading epidemics...
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The story of network science – Barabási-Albert model (1999)

BA model
A.-L. Barabási, R. Albert, Emergence on scaling in random networks,
Science, 286:509-512, 1999.
A.-L. Barabási, R. Albert, H. Jeong, Mean-field theory for scale-free
random networks, Physica A, 272: 173-187, 1999.

Main assumptions:

• The network evolves i.e. with every step we add new vertex and
few edges.

• Edges are added due to the preferential attachement rule
(compare rich get richer rule).

Both assumptions are necessary!
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The story of network science – Barabási-Albert model (1999)

Construction procedure:

• We start with the small complete graph.

• In every step we add new vertex.
• Edges are connected due to the preferential attachment rule.
• We repeat the two points above.

More about BA model on Lecture 5.
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The story of network science – Barabási-Albert model (1999)

Summary:

• Evolving network wit power law degree distribution.

• Starting point of the modern complex network science.
• Importance of so-called hubs.
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More on Lecture 5.
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If you are interested in the history of complex networks read
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Main topics of complex network science

The main task of network science is to model real phenomena and
processes using complex networks, which are appropriate graphs.

Typical tools:

• Quantitative description of the network, including
• proposing new network metrics (Lecture 4).
• discussion of their properties (Lectures 4,8).
• measuring with them real networks (Lectures 4,8, 13-15).
• Description of the dynamical processes within real networks (e.g.
epidemics, news spreading, etc.) (Lecture 8,11-15).

• Theoretical complex networks models (Lectures 5,6,9,10).
• Theoretical models of the dynamics in networks (Lectures 11,12).
• Visualization of networks (both theoretical and real) (Lecture 3).
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• Theoretical models of the dynamics in networks (Lectures 11,12).
• Visualization of networks (both theoretical and real) (Lecture 3).

SNARS 25



Main topics of complex network science

The main task of network science is to model real phenomena and
processes using complex networks, which are appropriate graphs.

Typical tools:

• Quantitative description of the network, including
• proposing new network metrics (Lecture 4).
• discussion of their properties (Lectures 4,8).
• measuring with them real networks (Lectures 4,8, 13-15).
• Description of the dynamical processes within real networks (e.g.
epidemics, news spreading, etc.) (Lecture 8,11-15).

• Theoretical complex networks models (Lectures 5,6,9,10).
• Theoretical models of the dynamics in networks (Lectures 11,12).

• Visualization of networks (both theoretical and real) (Lecture 3).

SNARS 25



Main topics of complex network science

The main task of network science is to model real phenomena and
processes using complex networks, which are appropriate graphs.

Typical tools:

• Quantitative description of the network, including
• proposing new network metrics (Lecture 4).
• discussion of their properties (Lectures 4,8).
• measuring with them real networks (Lectures 4,8, 13-15).
• Description of the dynamical processes within real networks (e.g.
epidemics, news spreading, etc.) (Lecture 8,11-15).

• Theoretical complex networks models (Lectures 5,6,9,10).
• Theoretical models of the dynamics in networks (Lectures 11,12).
• Visualization of networks (both theoretical and real) (Lecture 3).

SNARS 25



Thank you for your attention!
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