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GOAL:
Description of superfluid dynamics of fermionic systems
far from equilibrium based on microscopic theoretical 
framework.

Microscopic framework = explicit treatment of fermionic
degrees of freedom.

Why Time Dependent Density Functional Theory (TDDFT)?

We need to describe the time evolution of (externally perturbed) 
spatially inhomogeneous, superfluid Fermi system.

Within current computational capabilities TDDFT allows to describe 
real time dynamics of strongly interacting, superfluid  systems of 
hundred of thousands fermions.



Runge Gross mapping
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and consequently the functional exists:
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E. Runge, E.K.U Gross, PRL 52, 997 (1984)
B.-X. Xu, A.K. Rajagopal, PRA 31, 2682 (1985)
G. Vignale, PRA77, 062511 (2008)

0 0
ˆ( ) ( ) ,   ( )i t H t t

t
   


 





ˆ ˆ ˆ( ) ( ( ) ) ( )i t T V t W t
t
 


  


ˆ ˆ( ) ( ( )) ( )KSi t T V t t

t
 


 



Kohn-Sham approach

Interacting system Noninteracting system
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Suppose we are given the density of an interacting system. 
There exists a unique noninteracting system with the same density.

However as always there is a price to pay:
- No dissipation effects except for the one-body dissipation (justified if energies

are not too large)
- Only one body observables can be reliably evaluated.

The extensions are possible and under progress (see e.g. talk on stochastic TDHF)  



Superfluid extension of (TD)DFT

Triggered initially by the discovery of high-Tc supercondutors:

DFT for superconductors: 
L. N. Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. Lett. 60 2430 (1988). 
TDDFT for supercondutors: 
O.-J. Wacker, R. Kummel, E.K.U. Gross, Phys. Rev. Lett. 73, 2915 (1994).

Extensions required to introduce an anomalous density:

Problem:
Such formulation results in Kohn-Sham equations in a form of integro-differential 
equations of enormous computational complexity.



Pairing correlation in DFT

One may extend DFT to superfluid systems by defining the pairing field:

and introducing anomalous density

However in the limit of the local field these quantities diverge unless one renormalizes 
the coupling constant:

which ensures that the term involving the kinetic and the pairing energy density is finite: 
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Bulgac, Yu, Phys. Rev. Lett. 88 (2002) 042504

Bulgac,  Phys. Rev. C65 (2002) 051305



TDDFT equations with local pairing field (TDSLDA):

The main advantage of TDSLDA over TDHF (+TDBCS) is related to 
the fact that in TDSLDA the pairing correlations are described as a 
true complex field which has its own modes of excitations, which 
include spatial variations of both amplitude and phase. Therefore in 
TDSLDA description the evolution of nucleon Cooper pairs is treated 
consistently with other one-body degrees of freedom. 

•The system is placed on a large 3D spatial lattice.
• No symmetry restrictions.
• Number of PDEs is of the order of the number of spatial lattice points.

The form of ( , ) and ( , ) is determined by EDF (Energy Density Functional)h r t r t



Titan: 27 PFlops
(ORNL Oak Ridge)

Tsubame: 5.7 PFlops
(Tokyo Institute of Technology) 

Piz Daint: 7.787 PFlops

(Swiss National Supercomputing Centre)

Selected supercomputers (CPU+GPU) currently in use:

HA-PACS: 0.802 PFlops
(University of Tsukuba)



Areas of applications

Ultracold atomic 
(fermionic) gases. 
Unitary regime.

Dynamics of quantum 
vortices, solitonic 

excitations, quantum 
turbulence.

Nuclear physics.
Induced nuclear 
fission, fusion, 

collisions.

Astrophysical 
applications. 

Modelling of neutron star 
interior (glitches): vortex 
dynamics, dynamics of 

inhomogeneous nuclear 
matter (in strong 
magnetic fields).
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See Gabriel’s talk on Friday See Aurel’s talk on Friday



Atomic nuclei:                         

s-wave pairing gap in infinite uniform neutron matter with 
realistic NN-interactions.

BCS

1MeV 

Pairing in nuclear systems



Nuclear fission dynamics
Initial configuration of     𝑃𝑢 is prepared beyond the barrier at quadrupole deformation
Q=165b and excitation energy E=8.08 MeV:

240

Without pairing correlations the nucleus does not fission!

A. Bulgac, P. Magierski, K.J. Roche, and  I. Stetcu, Phys. Rev. Lett. 116, 122504 (2016)



Collisions of superfluid nuclei having different phases of the pairing fields

Motivated by experiments on ultracold atomic gases: merging two 6Li clouds

Solitonic excitations nuclear collisions

Creation of a „heavy soliton” after merging 
two superfluid atomic clouds.
T. Yefsah et al., Nature 499, 426 (2013).

light



Wlazłowski, et al., Phys. Rev. A91, 031602 (2015)

Moreover with TDDFT we can reproduce the sequence of topological excitations observed 
experimentally (M.H.J. Ku et al. Phys. Rev. Lett. 113, 065301 (2014)).



Clearly, we cannot control phases of the pairing field in nuclear experiments and 
the possible signal need to be extracted after averaging over the phase difference.

In the context of nuclear systems the main questions are: 
-how a possible solitonic structure can be manifested in nuclear system? 
-what observable effect it may have on heavy ion reaction:
kinetic energies of fragments, capture cross section, etc.?



Digression: Physics of two nuclear, coupled superconductors

Little bit of history:
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Dynamics of the Josephson effect:



First applications to nuclear collisions:



Some evidence for a nuclear Josephson effect has been gathered over the years:



Ultracold atomic gases: two regimes for realization of the Josephson junction

Weak coupling (weak link) Strong coupling

Observation of AC Josephson effect
between two 6Li atomic clouds.

G. Valtolina et al., Science 350, 1505 (2015).

Creation of a „heavy soliton” after 
merging two superfluid atomic clouds.

T. Yefsah et al., Nature 499, 426 (2013).
It need not to be accompanied by 
creation of a topological excitation. 

End of digression



Estimates for the magnitude of the effect

At first one may think that the magnitude of the effect is determined by 
the nuclear pairing energy which is of the order of MeV’s in atomic nuclei 
(according to the expression):

21
( ) ;    ( ) - density of states
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F Fg g 

On the other hand the energy stored in the junction can be estimated from
Ginzburg-Landau (G-L) approach:

For typical values characteristic for two heavy nuclei: 30jE MeV
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P. Magierski, K. Sekizawa, G. Wlazłowski, Phys. Rev. Lett. 119 042501 (2017)



Total kinetic energy of the fragments (TKE)

Average particle transfer between fragments.

2sin
2

 
 
 !

Creation of the solitonic structure between colliding nuclei prevents energy 
transfer to internal degrees of freedom and consequently enhances the kinetic
energy of outgoing fragments.
Surprisingly, the gauge angle dependence from the G-L approach is perfectly
well reproduced in the kinetic energies of outgoing fragments!
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Proton pairing gap contribution to TKE

Neutron transfer Proton transfer

The effect is predominantly      
due to neutron pairing.



90 90 Zr  at energy  BassZr E V

Modification of the capture cross section!

Total density |Neutron pairing gap|
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P. Magierski, K. Sekizawa, G. Wlazłowski, Phys. Rev. Lett. 119 042501 (2017)



Effective barrier height for fusion as a function of the phase difference

What is an average extra energy needed for the capture?
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How the angle dependence affects the shape of the excitation function?
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Noncentral collisions: 
90𝑍𝑟 + 90Zr

P. Magierski, K. Sekizawa, G. Wlazłowski, Phys. Rev. Lett. 119 042501 (2017)



Noncentral collisions

At higher energies (1.3-1.5 of the barrier height)
the phase difference modifies the reaction 
outcomes suppressing the reaction channel
leading to 3 fragments.

For noncentral collisions the trajectories of
outgoing nuclei are affected due to the 
shorter contact time for larger phase 
differences.P. Magierski, K. Sekizawa, G. Wlazłowski, 

Phys. Rev. Lett. 119 042501 (2017)



Summarizing

Pairing field dynamics play an important role in nuclear dynamics including both
induced fission (see Aurel’s talk) and collisions. 

Clearly the aforementioned effects CANNOT be grasped by any version of 
simplified (and commonly used) TDHF+BCS approach.

The phase difference of the pairing fields of colliding medium or heavy nuclei 
produces a similar solitonic structure as the system of two merging atomic clouds.

The energy stored in the created junction is subsequently released giving rise to
an increased kinetic energy of the fragments and modifying their trajectories. 
The effect is found to be of the order of 30MeV for heavy nuclei and occur for 
energies up to 20-30% of the barrier height.

Consequently the effective barrier for the capture of medium nuclei is enhanced by
about 10MeV.

Josephson current is weak and DOES NOT contribute noticeably to collision 
dynamics (consistent with other studies). 



Open question

Time dependent DFT describes nuclear collision in the broken symmetry 
framework.

What is the effect of the particle nonconservation ?

Whether the broken symmetry framework provides a reasonable description
depends on the time scale associated with the related Goldstone mode.

Here, the time scale is related to the inverse of the neutron separation energy.
However, since both pairing fields rotate in gauge space it is rather the 
difference of the separation energy which matters (this can be made arbitrarily 
long in the case of symmetric collisions)



Summarizing

• TDDFT extended to superfluid systems and based on the local 
densities offers a flexible tool to study quantum superfluids far from 
equilibrium. 

• TDDFT offers an unprecedented opportunity to test the nuclear 
energy density functional for large amplitude collective motion, non-
equilibrium phenomena, and in new regions of the collective degrees of 
freedom.

• Interesting research topics:

• Ultracold atoms: investigation of quantum turbulence in Fermi systems;
topological excitations in spin-polarized atomic gases
in the presence of LOFF phase (see Gabriel’s talk).

• Neutron star:    Provide a link between large scale models of neutron        
stars and microscopic studies; 
towards the first simulation of the glitch phenomenon 
based on microscopic input.

• Nuclear physics: induced fission and fusion processes based directly on
Energy Density Functional (see also Aurel’s talk);
search for new effects related to pairing dynamics in 
nuclear processes. 


