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Abstract—The problem of control of chaos in a microeconomical model describing two competing
firms with asymmetrical investment strategies is studied. Cases when both firms try to perform the
control simultaneously or when noise is present are considered. For the first case the resulting control
efficiency depends on the system parameters and on the maximal values of perturbations of
investment parameters for each firm. Analytic calculations and numerical simulations show that
competition in the control leads to ‘parasitic’ oscillations around the periodic orbit that can destroy
the expected stabilization effect. The form of these oscillations is dependent on non-linear terms
describing the motion around periodic orbits. An analytic condition for stable behaviour of the
oscillation (i.e. the condition for control stability) is found. The values of the mean period of these
oscillations is a decreasing function of the amplitude of investment perturbation of the less effective
firm. On the other hand, amplitudes of market oscillations are increasing functions of this parameter.
In the presence of noise the control can be also successful provided the amplitude of allowed
investment changes is larger than some critical threshold which is proportional to the maximal possible
noise value. In the case of an unbounded noise, the time of laminar epochs is always finite but their
mean length increases with the amplitude of investment changes. Computer simulations are in very
good agreement with analytical results obtained for this model. © 1997 Elsevier Science Ltd

1. INTRODUCTION

It is generally accepted that dynamics of many economical systems should be described by
non-linear equations [7, 19, 20, 13, 11, 9] and it is well known that such systems can exhibit
a phenomenon of deterministic chaos (2, 12, 8, 16, 1, 5]. Recently a method of chaos
control has been proposed [14] and this method has been successfully applied to control
deterministic chaos in numerous physical [3, 17], chemical [15] and biological [6] experi-
ments. In the paper [10] we adopted this method for a generic economic model of two
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competing firms. In the present paper we extend our former results by assuming that the
control procedure is simultanously applied by both firms or that the noise is present in the
system. We will show that in such a situation a competition in control can again lead to
chaotic market behaviour, although both partners try to stabilize the system. Similarly the
presence of noise destabilizes the system if the amplitude of such a noise is above some
critical value.

In Section 2 we give a brief overview of the OGY [14] algorithm of controlling chaos as
well as of our previous results on the control of a chaotic economical model [10]. In Sections
3-7 the problems of control simultaneously performed by both firms in a fully deterministic
model are discussed while in the Section 8 the influence of noise is studied.

2. SINGLE-SIDE CONTROL OF CHAOS IN AN ECONOMICAL MODEL

Let us assume that there are two firms X,Y competing in the same market of goods and
that, due to their active investment strategies, their sales x,, y, at the time moments
n =123... evolve according to equations [1, 5]
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where the constants a and B (with 0 < «,B <1) are the time rates of the decay of sales of
both firms under zero investment while the second parts of equations (1) and (2) describe
the influence of investments at time 7 on the sales at time » + 1. Parameters a and b describe
the efficiencies of investments of both firms or scales of their investments while parameter ¢
is a measure of the ‘elasticity’ of the investment strategies. The symbol p on the right-hand
side of equations (1) and (2) stands for the dependence of the all parameters a, b, ¢, a, .
Equations (1) and (2) together form a two-dimensional map r,.,=F(r,;p), where
r, = [x,.y,] and F=[F*,F’], which fully defines the evolution of our discrete dynamical
system. Depending on the specific values of the parameters «, 8, a, b and c the solutions of
equations (1) and (2) can be regular or chaotic [1, 5]. It is interesting that equations (1) and
(2) can also be connected with a model of army races between two countries with
asymmetric armament policies [1, 5].

The chaotic dynamics of any model that can be described by a map of the form
r,.. = F(r,;p), can be easy controlled [14] if one makes use of the existence of unstable
periodic solutions that can occur in the close neighbourhood of any chaotic trajectory. The
simplest of such solutions is an unstable fixed point r’ that fulfills the equation

r/ =F(x/;p") (3

for some value of the parameter p = p°. Linearizing the map F(r,;p) around the solution
r=r/ and around the parameter value p =p° one can easy calculate a value 8p, of the
time-dependent change of the parameter p that is needed to shift the chaotic trajectory to a
so-called stable manifold of the fixed point r’ [14]. In the case of a two-dimensional map, 1.e.
in the case when r = [x,y], this change of parameter can be written as [4]
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