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Coupling of link- and node-ordering in the coevolving voter model
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We consider the process of reaching the final state in the coevolving voter model. There is a coevolution of state
dynamics, where a node can copy a state from a random neighbor with probabilty 1 — p and link dynamics, where
anode can rewire its link to another node of the same state with probability p. That exhibits an absorbing transition
to a frozen phase above a critical value of rewiring probability. Our analytical and numerical studies show that
in the active phase mean values of magnetization of nodes n and links m tend to the same value that depends on
initial conditions. In a similar way mean degrees of spins up and spins down become equal. The system obeys a
special statistical conservation law since a linear combination of both types magnetizations averaged over many
realizations starting from the same initial conditions is a constant of motion: A = (1 — p)um(t) + pn(t) = const.,
where u is the mean node degree. The final mean magnetization of nodes and links in the active phase is
proportional to A while the final density of active links is a square function of A. If the rewiring probability is
above a critical value and the system separates into disconnected domains, then the values of nodes and links
magnetizations are not the same and final mean degrees of spins up and spins down can be different.
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I. INTRODUCTION

It is common that a system in an equilibrium state
is described by appropriate balance equations that possess
mechanical, thermal, chemical, or other meaning [1]. It is no
different when we move toward a multi-agent model with
stochastic dynamics [2,3]. The aim of this paper is to find
corresponding balance conditions for a coevolving voter model
[4].

The model was introduced as a simple model of competition
between species [5] but later named voter model [6]. Its
simplicity means it could be used in many contexts [7],
including opinion formation or catalytic reactions [8]. The
basic two-state voter model has several noteworthy properties:
the coarsening of domains leading to ordering that depends
on dimensionality [8], lack of surface tension on domain
boundaries [9], as well as statistical conservation of the number
of different states [10]. The last property is conditional on
whether one updates nodes or links, or viewing differently, how
the source and target nodes for the state overwriting are chosen
[10]. It is also statistical, which means that the conservation
happens only for averages over many realizations, while each
single realization will inevitably change the numbers of nodes
in different states, leading at the end to an absorbing, fully
ordered state of a finite system. The statistical nature makes
these conservation laws different than conservation of energy
or momentum that are strictly fulfilled. The voter model was
exhaustively researched [7] both in finite-dimensional systems
[8,11,12] as well on networks, including random graphs
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and scale free networks [13—15], Watts-Strogatz small-world
networks [16], networks with modular structure [17], and
directed networks [18,19]. Variations of the original voter
model were also studied, including noisy voter model [20,21],
nonlinear voter model [22,23], as well as a few other [7].

One of more interesting variants of the voter model is
the case of coevolution of the voter dynamics and network
topology. The coevolution dynamics is also known as adaptive
networks [24]. In the nontrivial situation, where the topology
of the network changes in response to the voter dynamics on
the network with similar time scales, new phenomena arise.
The best known is the fragmentation transition [4,25] where the
coevolution can lead to a partition of the network into several
separate clusters, in the case of voter model each with internal
ordering of node states. This transition has been also studied
in more complex network types, including directed [26] and
multilayer networks [27]. The issue of dynamics of so-called
link magnetization was considered in [15,25], allowing to
calculate how the system approaches a final absorbing state
of a static network and when the fragmentation transition
occurs in coevolutionary dynamics. While the coevolving voter
model was studied, the research mostly focused on why and
how the fragmentation occurs, and while works have studied
the dynamics of numbers of links connecting different state
combinations [4,28,29], they have not focused on conservation
laws.

In this paper we investigate the coevolution of the voter
model [5,6,8] and network topology, where links can be
rewired [28] to connect to another node of the same state
instead of changing the state of a node. We explore relations
between mean magnetization of links and nodes. In our mean-
field calculations, we treat mean degrees of nodes in different
states (4+)(—) as separate variables p4,u_. This allows
discussing the magnetization of links and the magnetization
of nodes as potentially independent variables. Yet we find that
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a combination of node and link magnetizations is conserved
in an ensemble average [Eq. (11)], which is consistent with
the conservation of weighted spins for nonadaptive networks
[10] as well as an obvious fact that node magnetization is
conserved when only links can change. Moreover, we show
that when the rewiring probability is below the critical value
and the final network state contains a nonzero value of active
links then the mean magnetizations of nodes and links are the
same and mean degrees of nodes possessing different spins
also become equal.

II. ELEMENTARY EVENTS

Let us consider a complex network where every node is
attributed to an internal variable that will be called a spin
and is valued +1 or —1 (up or down). The variable can
correspond also to two different opinions of agents placed in
network nodes. Let N, N_ be numbers of nodes up and down,
respectively, and the total number of nodes is N + N_ = N.
We do not specify the network topology that will evolve in
the course of time. Suppose that each link between nodes is
cut in half and the half-links are classified as directed. Their
number is denoted here as Mg (from the nodes endowed with
spin « to the nodes endowed with spin §), where «,8 = £1.
Obviously, My =M_,,and My + M__ +2M,_ = Np,
where u is the mean degree of node in the network. Further,
a node with the spin « is supposed to have k, = kyo + kog
neighbors (8 # «), where ko (kqp) is the number of half-links
directed from the node with spin « to other nodes with spins
« (B), and so on.

The system dynamics consists of the evolution of spins as
in the standard voter model and changes in network topology
as was suggested in [28]. In every time step a random node i
is chosen and then one of its nearest neighbors j is selected.
If both nodes possess the same spins the connecting link will
be called inert and nothing happens. If spins are different then
the connecting link will be called active and there are two
options:

(i) With a probability r = 1 — p the spin i is changed to
the value of the spin j. It means the agent i has been convinced
by one of his neighbors j to change his opinion. Such a case
corresponds to the standard voter dynamics [5,6,8].

(i) With a probability p the spini is kept but a link between
nodes i and j is removed and a new link between the node i
and any other node / that was initially disconnected from i but
possessed the same spin as the node i is created [28]. Using
the language of opinion dynamics such a rewiring process
can correspond to the case when the agent i was not able to
accept the opinion of the agent j and this disagreement leads
to breaking by the agent i his social relationship to the agent j
and replacing it with a new social tie to the agent / that shares
the same opinion as the agent i.

Overall, there are four possible elementary events: state
changes + — — and — — + as well as rewirings +— —
++ and —4 — ——. Each of these events changes numbers
of spins of given state Ny and N_ as well as numbers of
links connecting given states My, , M, ,M_, ,M__ in the
following ways (symbols k.g refer to links from the updated
node « to a node B):
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FIG. 1. Possible elementary events: flip o« — 8 (upper) and
rewiring o8 — a« (bottom).

(flips)y+ — —: N — Ny—1, N — N_+1,
My, > My, —2ky M _ - M__ + 2k, M, —
M+7 + k++ — k+7 and M7+ — M7+ + k++ - k+7,

(flips) — — +: exactly opposite to above,

(rewirings) +— —> 4++: ML > M, +2, M,_ —
M, —landM_, > M_, —1,

(rewirings) — + — ——: exactly opposite to above.

These rules are illustrated by Fig. 1. For example, a flip
+ — — means that k., inert links of a given node become
active links of type —+ and as result the variable M_.
increases by k;.. Simultaneously, k;_ active links of this
node are switched to inert links of type ——, and so on.

Let us note that flips of spins and rewiring of links keep the
total number of links in the network constant.

III. MEAN-FIELD CALCULATIONS

Now mean-field equations of motion will be constructed
in a similar way as it was done in [4]. We shall assume,
however, that during the system evolution mean degrees of
nodes u, = (ky) possessing positive and negative spins can
be different, similarly fractions of active links around positive
and negative spins can be also different. As far as we know,
this approach has never been applied before. We shall show
that these more general assumptions lead to time dependence
of mean magnetization of nodes and mean magnetization of
links as well as to nontrivial changes in dynamics of active
links. Let P,(k,) be the degree distribution for nodes endowed
with spin o and B(kyg; ko) be the probability of kg active links
out of k, links around nodes endowed with spin «. A general
equation of motion for the total number of active links can be
written as

dM,
- F =N, ; Pu(ka) Y Blkap ko)

o kap

ka

x 2P (kaa — ko) = 1+ Ny D Ply)
o k/g

ko

x ZB(kﬂa;kmﬁ[r(/«ﬁﬁ —kpa) = pl. (1)

kpo
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Dynamics of the spin numbers N, is
dNy
dt  1/N, -

kap
afs ka -
g3 ka) .

l/N ZPﬁ<kﬂ>ZB<kﬂa,kﬂ> )

kpa

The above equations follow directly from the description
of elementary events in our dynamics. We assume that the
probability distribution B(keg; ko) is binomial, treating it as if
aresult of k, trials and with a success rate 7, equal the fraction
of active links around nodes endowed with spin «. Let us stress
that k, can be a time-dependent variable, and in general, it is
possible that n; # n_ and p4 # pu_ where u, is the mean
degree (k). In this point our model is more general than that
considered, for example, in [4] where only symmetrical states
Uy = u_ = u and n, = n_ were taken into account.

The first two moments of the distribution B(kyg; ko) can be
easily found

Z B(kaﬂ;ka)kaﬁ = kan(xa

kap

> Blkops kakzg =

kap

Mo + kalla(1 = 14)- 3)

Using these relations and taking into account that k, =
koo + kop after some algebra we get from Eq. (1)

dM,
TIB = Na[rr’zxﬂa - Zrﬂil/«a = 2rne(l —na) — P’?a]
+ Ng[rnpup — 2”7?;#«/3 —2rng(1 — ng) — png].
4)
Similarly,
dM,
7 = —2Nyrno(fa — Halle — 1 + Na)
+2Nopng +2rNgng(ppng +1—np),  (5)
dN,
dt ZF(Nﬁnﬂ_Nana)- (6)

To make the notation more convenient, we define the density
p of active links by its relation with M, _, ie., M,_ =
M_. = Nup/2. Also, we introduce order parameters for
mean magnetizations of nodes n and links m, defined by the
relations: Ny — N_ = Nn, and My — M__ = Num. The
link magnetization m is equal to the weighted magnetization
described in [10]. Hence, N, = N(1 4+ an)/2, and recalling
that My, + Mpgg +2Myg = N we have Myy = Nu(l —
p + am)/2. Further, from the definition of the mean degrees
of nodes pty we have Ny g = Myo + Myg. Then,
= ) )
(1 +an)
Finally, the coefficients n, can be written as
My /(Noig), hence n, = p/(1 + am).
One can see that ny = n_ only when m =0 or p =0.
Similarly the mean degrees of nodes with spin « are the same
for m = n. We shall consider a triple (p,m,n) as a set of

Na =
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time-dependent observables describing our system. Equations
of motion for these new variables are

dp 2rp 2 2
— = 1—-m"—2p——(1-
dt  1-—m? [ " P ,u( mn)
20(1 +m? — 2nm) 2po(l — mn) ®
pn(l —m?) w(l —m?) "
dn  2rp(m —n)
= 9
dt 1 —m? ©)
and
d 2 —
m _ 2pp(n —m) (10)

dt p(l—m?) "

If m = 0, Eq. (8) reduces to Eq. (2) in [4]. On the other hand,
Egs. (9) and (10) indicate that the order parameters n and
m are coupled. Eliminating the explicit time dependence, we
receive a new conservation law for a linear combination of
both magnetizations

(I = p)um(t) + pn(r) = A, (11)

where A is a constant of motion for this system that results
from initial conditions my = m(t = 0) and no = n(t = 0). Let
us remark that the conservation law (11) is fulfilled only sta-
tistically. Every elementary update (flip or rewiring) changes
m and n in a way that A [the value for the actual realization
calculated from Eq.(11) with real m(z) and n(¢)] is also
changing. However, due to the symmetry of probabilities A g
is only experiencing fluctuations similar to unbiased random
walk. Since |m| < land [n| < 1thus [A| < (1 — p)u+ p.In
the limiting case for p = 1 (no flips), we get n = const., what
is obvious. On the other hand, for p = 0 (no rewiring) we get
m = const. This result can be understood as follows. A state
change can only follow from interaction along any of the active
links (between nodes i and j possessing different spins s; =
+1 and s; = —1). This is either the flip + — — (probability
1/(NK! ') or the flip — — + (probability 1/(N K ). The related
+ kL yor2(k! 4+ k1),
respectively. As k', + k' _ =kl and kK, +k_ =k, the
mean change of M++ — M__iszero. A s1m11ar argumentation
on the preservation of magnetization weighted by the node
degree was presented in [10]. In this way our relation (11)
links together two distinct conservation laws that are fulfilled
in the limiting cases p =0 and p = 1.

Another conclusion from Eqgs. (9) and (10) is that the
asymptotic values of the links and nodes magnetizations m
and n are equal

changesof M, — M__ are — 2(k

m* =n* (12)

provided that the asymptotic density of active links is nonzero
p* > 0. In other words, active links are responsible for reach-
ing the balance between the links and nodes magnetization. As
a consequence of Eq. (11), the number of variables is reduced
to two; let us take (p, m). The evolution of the variable n(z) is
given by Eq. (11), or explicitly through initial conditions as

l—p
n(t) =no + MT[mo —m(t)]. (13)
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Equations (8) and (10) with n calculated from Eq. (13) have a
line of fixed points (p = 0,m) and a fixed point (p*,m™) which
depends on A and thus the initial state

2
e 1_( A ) A=p=D-1
nd—=p)+p 2(1 =p)u =1
. A
m' = ——. (15)
nd—=p)+p

The last equation shows that the constant of motion A can
be seen as the final value of the node or link magnetization
normalized by a linear combination of system parameters p
and p. Following Eq. (14) the final density p* is a quadratic
function of A, it reaches its maximal value for A = 0 and
it vanishes when |A| is maximal. The density p* can be
also expressed as a function of m* instead of A, where the
whole dependence on initial conditions is via the value of

m*(w, p,ng,mo)

*2)(1 -ppu—1-—1

20 =p)p—1)
Since in the stationary state m* = n*, this relation is the same
as the one observed in numerical simulation results in [4],
where the trajectories of model realizations were observed to
fluctuate along such a curve.

The fixed point Egs. (14) and (15) depends on both
parameters p,u, and A(p,u,ng,mp). The stability analysis
shows that parameter p alone decides whether it is stable or
not. The Jacobian for the fixed point (p*,u*) has eigenvalues

pr=(10-m (16)

_ [l — p)+ pl[2 — u(1 — p) — p]
(u—Dud - p)

2
Ay = ;[Z—M(l —p)—pl, (18)

Al , a7

with associated eigenvectors u; = [py,m] and u, = [1,0],

where
o A3 =2 = Dp =3 — 1)?p?

mi pluw — D2 — u(l — p) — p]

19)

For p — p., the denominator of Eq. (19) becomes zero, so
the second component of the eigenvector ©; becomes zero and
the eigenvectors are parallel. Since

wl—p)+p

M=—o0— (20)
-0 - p)
thus both eigenvalues in the limit p — p., where
nw—2
pe(p) = —— 21
n—1

are zero [follows Eqs. (17) and (18)] and are negative as
functions of the probability p below the same point. It follows
the fixed point is stable for p < p. and unstable for p > p,.
The value of p. is the same as the critical threshold of the
transition to the frozen phase found in [4].

For p > p.(u) the point (p*,m*) not only becomes unsta-
ble, but it is also outside the phase space of the system (p* < 0)
and thus cannot be ever reached. Figure 2 shows an example
of the flows of the system state (p,m) in phase space, along
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FIG. 2. Expected flows of the system state (1, 0) in phase space
according to Egs. (8) to (10) with n eliminated by Eq. (13). Green
lines represent direction of state changes (speed is not indicated in
any way), red dot shows stable fixed point (p*,m*) expressed by
Eqgs. (14) and (15) and orange crossing lines show the directions
of the eigenvectors of the Jacobian at the fixed point. Figure uses
p=0.3, u =4, A =0.68 (this A includes for example m, = 0.2,
no = 0.4). Note that since ny € (—1,1), thus Eq. (11) places limits
on possible m for given A. Gray lines show limits of possible m and
black line shows limit of p possible for given m.

with fixed point (p*, u*) and eigenvector directions for p < p,
when the fixed point is stable.

The eigenvector u; corresponds to a nonvertical direction
along which many initial conditions converge to the fixed
point, while the eigenvector u, simply the direction of axis

0.
Taking into account Eq. (21), Eq. (20) can be written as

1 l_pc
AM=x—=|1 , 22
1 22< + l—p) (22)
thus
A1l < |A2| iff p < pe. (23)

In other words, the eigenvector u; corresponds to the direction
of slowest convergence to the fixed point in the space (p,m).
As the parameter p goes towards its critical value p., the
convergence rates along both directions are similar and both
tend to zero.

IV. NUMERICAL RESULTS

Now we compare analytical results received from our mean-
field approximation to numerical simulations of coevolving
network of spins. When it is not otherwise stated we consider
a network of N = 50000 nodes, with mean degree u = 4,
where we observe variables (o, n, m). The critical value
of the rewiring probability calculated from the mean-field
approximation for such a system is equal to p* =2/3. To
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FIG. 3. Numerical simulations of time evolution of the observable
(Ag) = — p)u(m(t)) + p(n(t)) [Eq. (11)] confirm that in a very
good approximation is a constant of motion. Results are presented
for different values of the parameter p: 0.1, 0.2...., 0.9 (in order of
decreasing (Apg)). Horizontal black lines correspond to theoretical
values of A.

construct the network we set

1
Ny =N 24)
2
Moy = My = N5, (25)
1 —
M,, = N,u%. (26)

Considering the above, we construct the network with N,
nodes endowed with 41 spins randomly connected by

% links and N_ nodes endowed with —1 spins ran-

domly connected by % links. Both groups are connected
by M, _ links.

In a single update, a node i with a spin s; and one of its
neighbors node j with a spin s; are chosen randomly. If s; = s;
nothing happens. Otherwise, with the probability p, the link
between i and j is reconnected from j to some randomly chosen
node / such that s; = s; or with the probability (1 — p) the
spin s; is changing to s;. Each time step consists of N single
node updates. Initial conditions are py = 0.3, ny = 0.2, and
moy = 0.4.

Analytical predictions based on our mean-field approach
shown in Fig. 5 to 8 were obtained by solving differential
equations (8) to (10) with the classical Runge-Kutta fourth-
order method implemented in the R package DESOLVE [30].
The presented data from numerical simulations are averaged
over 1000 realizations.

The results at Fig. 3 confirm that for large networks, the
value A received from our mean-field approach is indeed a
statistical constant of motion, i.e., the conservation law given
by Eq. (11) is fulfilled for averages over many realizations.
For smaller N we observed larger fluctuations, in particular,
for small values of the probability p. These fluctuations can
be explained through the finite size of the system. As can
be seen in Fig. 4 the standard deviation of the value of
A g over realizations decreases with the size of the network
approximately as 1/+/N. The standard deviation of A g reaches
maximal value close to the consensus time, as individual
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FIG. 4. Standard deviation of the observable Az = (1 — p)
pm(t) + pn(t) [Eq. (11)] divided by mean value of A over different
realizations increases in time as +/7. Red lines present numerical
data obtained from network with N = 1000 nodes, black: N = 5000,
gray: N = 10000, blue: N = 50 000. Solid lines correspond to mean
degree = 4, dashed lines to u = 20 and dotted lines to pu = 40.
Inset: The same, except that ordinate values are multiplied by v/N
showing that standard deviation of A decreases with size of the
network as 1/+/N.

realizations become fully ordered and so deviation approaches
the maximum possible value (half realizations fully ordered to
+, half fully ordered to —). It can be also observed that the
growth of the standard deviation in time follows 8(Ag) ~ /1
which is characteristic to random-walk processes, showing that
fluctuations of A in particular realizations possess a similar
character to the random walk.

Figures 5 and 6 show simulations of the network when
the probability p of link rewiring is below p.. In such a case
the density of active links connecting nodes of different spins
does not decay to zero in the course of time, what is seen
at Fig. 5. One can see in Fig. 5 that mean magnetizations of
nodes and links tend toward equal values, i.e., m = n in the
stationary state and results of numerical simulations for their
time evolution are in a qualitative agreement with analytical

0.45

0.1 : ‘
1 10 100

t

1000

FIG. 5. Density of active links p(¢) (red lines) does not drops to
zero while the mean magnetization of nodes n(z) (blue lines) and
links m(t) (black lines) become equal when p < p.. Data obtained
from numerical simulations (solid lines) for the rewiring probability
p = 0.3 confirm analytical mean-field predictions (dashed lines).
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FIG. 6. Mean degrees of nodes u, endowed with different
spins « tend towards the same value during time evolution in
active phase. Data obtained from numerical simulations (solid lines)
for the rewiring probability p = 0.3 confirm analytical mean-field
predictions (dashed lines). The blue lines show . (¢) and the black
lines show p_(t).

predictions. The difference between mean-field theory and the
numerical calculations can be explained as an inaccuracy of
our mean-field approximation as it disregards any correlations
other than direct neighborhood, as well as possible statistical
dependencies of node properties on degrees, such as was taken
into account in [31,32]. Results from Fig. 6 confirm also
another prediction of mean-field theory. In the course of time
the presence of active links leads to the vanishing difference of
degrees of nodes endowed with different spins, i.e., s = p_.
Figures 7 and 8 show simulations of the network when the
probability p of the link rewiring is above p.. In such a case
the density of active links connecting nodes of different spins
decays to zero in the course of time and the difference between
node magnetization n and link magnetization m remains frozen
what is seen at Fig. 7. Let us repeat that according to Eq. (7)
whenn # m then also u4 # p_ as can be observed in Fig. 8.

100 1000
t

FIG. 7. Density of active links p(¢) (red lines) drops to zero
causing the mean magnetization of nodes n(t) (blue lines) and
links m(t) (black lines) to freeze at different values if p > p..
Data obtained from numerical simulations (solid lines) for the
rewiring probability p = 0.7 qualitatively confirm analytical mean-
field predictions (dashed lines).
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FIG. 8. Mean degrees of nodes p, endowed with different
spins o do not become equal when p > p.. Data obtained from
numerical simulations (solid lines) for the rewiring probability p =
0.7 qualitatively confirm analytical mean-field predictions (dashed
lines). The blue lines show . (¢) and the black lines show u_ ().

V. DISCUSSION

The main aim of this study is to understand the statistical
relations between observables related to internal nodes vari-
ables (spins, opinions) and observables related to the network
topology (link magnetizations) in the coevolving voter model.
Moreover we wanted to inspect if average degrees of nodes
are dependent on their spin values in such a system. To
resolve these issues we extended the standard mean-field
approach by taking into account that during the system
evolution mean degrees of nodes u, = (k,) with positive and
negative spins as well as fractions of active links incident to
them can be both different. Our analysis indicates that the
link magnetization m = (M4 — M__)/(Nu) is coupled to
the node magnetization n = (N4 — N_)/N. Namely, a linear
combination of these quantities forms a statistical constant of
motion A [Eq. (11)], where coefficients are the probabilities
of spin flip and rewiring. In other words, there exists a special
conservation law for node and link magnetization. Further, the
difference m — n decreases in time; if the asymptotic state is
active, its mean magnetization of links equals to its mean
magnetization of nodes (n* = m™*) and in such a case the
mean degrees of nodes do not depend on the spin value, i.e.,
uy = u_. If there are no active links, i.e., the time evolution is
frozen; the mean magnetization of links can be different from
the mean magnetization of nodes, and the mean degrees of
nodes is different for nodes of different spins.

Numerical calculations confirm this picture in a short time
scale, while in a longer scale fluctuations are visible.

The fluctuations influence node and link magnetizations
in a different way. In the case where only the rewiring takes
place (p = 1), the node magnetization is exactly constant.
On the other hand, if rewiring is absent (p = 0), the link
magnetization is constant only in the average. Hence the
deviations of the solution from the mean-field behavior are
larger for small values of p, as observed in Fig. 3. The constant
of motion A complements the description in the full range of
the probability p between these two extrema.

The mean-field approach, where mean degrees of nodes
in different states are treated as separate variables, is a
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generalization of previous calculations, where this distinction
is not made [4,10]. To place our result among other theoretical
achievements on the voter model, we note that a large effort
has been made recently to evaluate properly the fragmentation
threshold p. where the active phase disappears [28,31]. In
particular, higher-order correlations between nodes of different
opinions have been included to analytical modeling [31,32].
Our goal here is not to improve the accuracy of the mean-field
approach of [4], but to generalize it by including more degrees
of freedom.

Applications of the coevolutionary voter model to the
process of opinion formation were discussed in [33], as often
has been done with the voter model itself [7,34]. Our results
should be useful for separating out the mean-field effects as
well as for comparisons of the model results with real data on
social networks, where the number of neighbors of a person
depends on her or his social status. Such a case can be observed
for coexisting communities representing, for example, various
social classes [35] where the density of social links can be
different in various communities. Our study suggests that
interactions between such groups should reduce differences
between these densities and a difference of sizes of both

PHYSICAL REVIEW E 96, 042306 (2017)

groups should be proportional to a difference of number of their
internal connections. We would like also to point out that in the
case of a strongly controversial issue differentiating a society
(e.g., abortion or death penalty) the probability of acceptance
of another opinion can fall below a critical value. Then the
social group separates into disjointed communities and their
structures quantified by the number of nearest neighbors can
be very different.

ACKNOWLEDGMENTS

The work was partially supported as RENOIR Project
by the European Union Horizon 2020 research and inno-
vation program under the Marie Sklodowska-Curie Grant
No. 691152 (Project RENOIR) and by Ministry of Science
and Higher Education (Poland), Grants No. 34/H2020/2016,
No. 329025/PnH /2016. and National Science Centre, Poland
Grant No. 2015/19/B/ST6/02612. J.A.H. has been partially
supported by the Russian Scientific Foundation, Agreement
No. 17-71-30029 with co-financing of Bank Saint Petersburg
and by a grant from The Netherlands Institute for Advanced
Study in the Humanities and Social Sciences (NIAS).

[1] D. Kondepudi and I. Prigogine, Modern Thermodynamics, From
Heat Engines to Dissipative Structures (John Wiley and Sons,
Hoboken, NJ, 1998).

[2] C.W. Gardiner, Handbook of Stochastic Methods: for
Physics,Chemistry and the Natural Science (Springer, New
York, 1996).

[3]1 W. Weidlich, Sociodynamics: A Systematic Approach to Mathe-
matical Modelling in the Social Sciences (Harwood Academic,
Reading, England, 2000).

[4] F. Vazquez, V. M. Eguiluz, and M. S. Miguel, Generic Absorbing
Transition in Coevolution Dynamics, Phys. Rev. Lett. 100,
108702 (2008).

[5] P. Clifford and A. Sudbury, A model for spatial conflict,
Biometrika 60, 581 (1973).

[6] R. A. Holley and T. M. Liggett, Ergodic theorems for weakly
interacting infinite systems and the voter model, Ann. Probab.
3,643 (1975).

[7] C. Castellano, S. Fortunato, and V. Loreto, Statistical physics of
social dynamics, Rev. Mod. Phys. 81, 591 (2009).

[8] L. Frachebourg and P. L. Krapivsky, Exact results for ki-
netics of catalytic reactions, Phys. Rev. E 53, R3009(R)
(1996).

[9] I. Dornic, H. Chaté, J. Chave, and H. Hinrichsen, Critical
Coarsening without Surface Tension: The Universality Class
of the Voter Model, Phys. Rev. Lett. 87, 045701 (2001).

[10] K. Suchecki, V. M. Eguiluz, and M. San Miguel, Conservation
laws for the voter model in complex networks, Europhys. Lett.
69, 228 (2005).

[11] J. T. Cox and D. Griffeath, Diffusive clustering in the two
dimensional voter model, Ann. Probab. 14, 347 (1986).

[12] K. Suchecki and J. A. Hotyst, Voter model on sierpinski fractals,
Physica A 362, 338 (2006).

[13] C. Castellano, V. Loreto, A. Barrat, F. Cecconi, and D.
Parisi, Comparison of voter and glauber ordering dynamics on
networks, Phys. Rev. E 71, 066107 (2005).

[14] V. Sood and S. Redner, Voter Model on Heterogeneous Graphs,
Phys. Rev. Lett. 94, 178701 (2005).

[15] F. Vazquez and V. M. Eguiluz, Analytical solution of the voter
model on uncorrelated networks, New J. Phys. 10, 063011
(2008).

[16] C. Castellano, D. Vilone, and A. Vespignani, Incomplete
ordering of the voter model on small-world networks, Europhys.
Lett. 63, 153 (2003).

[17] X. Castelld, R. Toivonen, V. M. Eguiluz, J. Saramiki, K.
Kaski, and M. S. Miguel, Anomalous lifetime distributions and
topological traps in ordering dynamics, Euro. Phys. Lett. 79,
66006 (2007).

[18] S. M. Park and B. J. Kim, Dynamic behaviors in directed
networks, Phys. Rev. E 74, 026114 (2006).

[19] M. Angeles Serrano, K. Klemm, F. Vazquez, V. M. Eguiluz,
and M. San Miguel, Conservation laws for voter-like models on
random directed networks, J. Stat. Mech. (2009) P10024.

[20] B. L. Granovsky and N. Madras, The noisy voter model, Stoch.
Proc. Appl. 55, 23 (1995).

[21] A. Carro, R. Toral, and M. San Miguel, The noisy voter model
on complex networks, Sci. Rep. 6, 24775 (2016).

[22] F. Schweitzer and L. Behera, Nonlinear voter models: The
transition from invasion to coexistence, Eur. Phys. J. B 67, 301
(2009).

[23] C. Castellano, M. A. Muiioz, and R. Pastor-Satorras, Nonlinear
g-voter model, Phys. Rev. E 80, 041129 (2009).

[24] T. Gross and B. Blasius, Adaptive coevolutionary networks: A
review, J. R. Soc., Interface 5, 259 (2008).

[25] E. Vazquez, J. C. Gonzélez-Avella, V. M. Eguiluz, and M. San
Miguel, Time-scale competition leading to fragmentation and
recombination transitions in the coevolution of network and
states, Phys. Rev. E 76, 046120 (2007).

[26] G.Zschaler, G. A. Bshme, M. Seiflinger, C. Huepe, and T. Gross,
Early fragmentation in the adaptive voter model on directed
networks, Phys. Rev. E 85, 046107 (2012).

042306-7


https://doi.org/10.1103/PhysRevLett.100.108702
https://doi.org/10.1103/PhysRevLett.100.108702
https://doi.org/10.1103/PhysRevLett.100.108702
https://doi.org/10.1103/PhysRevLett.100.108702
https://doi.org/10.1093/biomet/60.3.581
https://doi.org/10.1093/biomet/60.3.581
https://doi.org/10.1093/biomet/60.3.581
https://doi.org/10.1093/biomet/60.3.581
https://doi.org/10.1214/aop/1176996306
https://doi.org/10.1214/aop/1176996306
https://doi.org/10.1214/aop/1176996306
https://doi.org/10.1214/aop/1176996306
https://doi.org/10.1103/RevModPhys.81.591
https://doi.org/10.1103/RevModPhys.81.591
https://doi.org/10.1103/RevModPhys.81.591
https://doi.org/10.1103/RevModPhys.81.591
https://doi.org/10.1103/PhysRevE.53.R3009
https://doi.org/10.1103/PhysRevE.53.R3009
https://doi.org/10.1103/PhysRevE.53.R3009
https://doi.org/10.1103/PhysRevE.53.R3009
https://doi.org/10.1103/PhysRevLett.87.045701
https://doi.org/10.1103/PhysRevLett.87.045701
https://doi.org/10.1103/PhysRevLett.87.045701
https://doi.org/10.1103/PhysRevLett.87.045701
https://doi.org/10.1209/epl/i2004-10329-8
https://doi.org/10.1209/epl/i2004-10329-8
https://doi.org/10.1209/epl/i2004-10329-8
https://doi.org/10.1209/epl/i2004-10329-8
https://doi.org/10.1214/aop/1176992521
https://doi.org/10.1214/aop/1176992521
https://doi.org/10.1214/aop/1176992521
https://doi.org/10.1214/aop/1176992521
https://doi.org/10.1016/j.physa.2005.08.003
https://doi.org/10.1016/j.physa.2005.08.003
https://doi.org/10.1016/j.physa.2005.08.003
https://doi.org/10.1016/j.physa.2005.08.003
https://doi.org/10.1103/PhysRevE.71.066107
https://doi.org/10.1103/PhysRevE.71.066107
https://doi.org/10.1103/PhysRevE.71.066107
https://doi.org/10.1103/PhysRevE.71.066107
https://doi.org/10.1103/PhysRevLett.94.178701
https://doi.org/10.1103/PhysRevLett.94.178701
https://doi.org/10.1103/PhysRevLett.94.178701
https://doi.org/10.1103/PhysRevLett.94.178701
https://doi.org/10.1088/1367-2630/10/6/063011
https://doi.org/10.1088/1367-2630/10/6/063011
https://doi.org/10.1088/1367-2630/10/6/063011
https://doi.org/10.1088/1367-2630/10/6/063011
https://doi.org/10.1209/epl/i2003-00490-0
https://doi.org/10.1209/epl/i2003-00490-0
https://doi.org/10.1209/epl/i2003-00490-0
https://doi.org/10.1209/epl/i2003-00490-0
https://doi.org/10.1209/0295-5075/79/66006
https://doi.org/10.1209/0295-5075/79/66006
https://doi.org/10.1209/0295-5075/79/66006
https://doi.org/10.1209/0295-5075/79/66006
https://doi.org/10.1103/PhysRevE.74.026114
https://doi.org/10.1103/PhysRevE.74.026114
https://doi.org/10.1103/PhysRevE.74.026114
https://doi.org/10.1103/PhysRevE.74.026114
https://doi.org/10.1088/1742-5468/2009/10/P10024
https://doi.org/10.1088/1742-5468/2009/10/P10024
https://doi.org/10.1088/1742-5468/2009/10/P10024
https://doi.org/10.1016/0304-4149(94)00035-R
https://doi.org/10.1016/0304-4149(94)00035-R
https://doi.org/10.1016/0304-4149(94)00035-R
https://doi.org/10.1016/0304-4149(94)00035-R
https://doi.org/10.1038/srep24775
https://doi.org/10.1038/srep24775
https://doi.org/10.1038/srep24775
https://doi.org/10.1038/srep24775
https://doi.org/10.1140/epjb/e2009-00001-3
https://doi.org/10.1140/epjb/e2009-00001-3
https://doi.org/10.1140/epjb/e2009-00001-3
https://doi.org/10.1140/epjb/e2009-00001-3
https://doi.org/10.1103/PhysRevE.80.041129
https://doi.org/10.1103/PhysRevE.80.041129
https://doi.org/10.1103/PhysRevE.80.041129
https://doi.org/10.1103/PhysRevE.80.041129
https://doi.org/10.1098/rsif.2007.1229
https://doi.org/10.1098/rsif.2007.1229
https://doi.org/10.1098/rsif.2007.1229
https://doi.org/10.1098/rsif.2007.1229
https://doi.org/10.1103/PhysRevE.76.046120
https://doi.org/10.1103/PhysRevE.76.046120
https://doi.org/10.1103/PhysRevE.76.046120
https://doi.org/10.1103/PhysRevE.76.046120
https://doi.org/10.1103/PhysRevE.85.046107
https://doi.org/10.1103/PhysRevE.85.046107
https://doi.org/10.1103/PhysRevE.85.046107
https://doi.org/10.1103/PhysRevE.85.046107

J. TORUNIEWSKA et al.

[27] M. Diakonova, M. San Miguel, and V. M. Eguiluz,
Absorbing and  shattered fragmentation  transitions
in multilayer coevolution, Phys. Rev. E 89, 062818
(2014).

[28] G. A. Bohme and T. Gross, Analytical calculation of fragmen-
tation transitions in adaptive networks, Phys. Rev. E 83, 035101
(2011).

[29] C. Nardini, B. Kozma, and A. Barrat, Who’s Talking
First? Consensus or Lack Thereof in Coevolving Opin-
ion Formation Models, Phys. Rev. Lett. 100, 158701
(2008).

[30] K. Soetaert, T. Petzoldt, and R. Setzer, Solving differential
equations in R: Package deSolve, Journal of Statistical Software
33, 1 (2010).

PHYSICAL REVIEW E 96, 042306 (2017)

[31] G. Demirel, F. Vazquez, G. A. Bohme, and T. Gross, Moment-
closure approximations for discrete adaptive networks, Physica
D 267, 68 (2014).

[32] E. Pugliese and C. Castellano, Heterogeneous pair approxima-
tion for voter models on networks, Europhys. Lett. 88, 58004
(2009).

[33] S. Wieland and A. Nunes, Asymmetric coevolutionary voter
dynamics, Phys. Rev. E 88, 062809 (2013).

[34] J. Ferndndez-Gracia, K. Suchecki, J. J. Ramasco, M. San Miguel,
and V. M. Eguiluz, Is the Voter Model a Model for Voters? Phys.
Rev. Lett. 112, 158701 (2014).

[35] M. Mann, The Sources of Social Power: Volume 1, A History of
Power from the Beginning to AD 1760 (Cambridge University
Press, Cambridge, England, 1986).

042306-8


https://doi.org/10.1103/PhysRevE.89.062818
https://doi.org/10.1103/PhysRevE.89.062818
https://doi.org/10.1103/PhysRevE.89.062818
https://doi.org/10.1103/PhysRevE.89.062818
https://doi.org/10.1103/PhysRevE.83.035101
https://doi.org/10.1103/PhysRevE.83.035101
https://doi.org/10.1103/PhysRevE.83.035101
https://doi.org/10.1103/PhysRevE.83.035101
https://doi.org/10.1103/PhysRevLett.100.158701
https://doi.org/10.1103/PhysRevLett.100.158701
https://doi.org/10.1103/PhysRevLett.100.158701
https://doi.org/10.1103/PhysRevLett.100.158701
https://doi.org/10.18637/jss.v033.i09
https://doi.org/10.18637/jss.v033.i09
https://doi.org/10.18637/jss.v033.i09
https://doi.org/10.18637/jss.v033.i09
https://doi.org/10.1016/j.physd.2013.07.003
https://doi.org/10.1016/j.physd.2013.07.003
https://doi.org/10.1016/j.physd.2013.07.003
https://doi.org/10.1016/j.physd.2013.07.003
https://doi.org/10.1209/0295-5075/88/58004
https://doi.org/10.1209/0295-5075/88/58004
https://doi.org/10.1209/0295-5075/88/58004
https://doi.org/10.1209/0295-5075/88/58004
https://doi.org/10.1103/PhysRevE.88.062809
https://doi.org/10.1103/PhysRevE.88.062809
https://doi.org/10.1103/PhysRevE.88.062809
https://doi.org/10.1103/PhysRevE.88.062809
https://doi.org/10.1103/PhysRevLett.112.158701
https://doi.org/10.1103/PhysRevLett.112.158701
https://doi.org/10.1103/PhysRevLett.112.158701
https://doi.org/10.1103/PhysRevLett.112.158701



