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uzt = u +
1

6
(u3)tt,

u(z, t)
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E= Eiei = E1e1 + E2e2,

e1 ·e1 = 1 = e2 ·e2, e1 ·e2 = 0.
c = 1

Ezz − Ett=Ptt.

P

P=P ln+Pnl.



P ln
i (z, t) =

∫ +∞

−∞
dτχ(1)

ij (t − τ)Ej(z, τ)

χ(1)
ij (t) = 0 t < 0

χ(1)
ij (t − τ)

χ̃(1)
ij (ω) ≈ −χijω

−2.

(Ei)zz − (Ei)tt = χijEj .

O(1
ε )

P nl

P nl
i (z, t) =

∫
dτ1dτ2dτ3 χ

(3)
ijkl (t − τ1, t − τ2, t − τ3)Ej(z, τ1)Ek(z, τ2)El(z, τ3).

χ(3)
ijkl(t − τ1, t − τ2, t − τ3) = χijkl δ(t − τ1)δ(t − τ2)δ(t − τ3).

(Ei)zz − (Ei)tt = χijEj + χijkl (EjEkEl)tt.

Ei(z, t) = εU (0)
i (ζ , z1, z2, ...) + ε2U (1)

i (ζ , z1, z2, ...)

ζ :=
t − z

ε
, zn := εnz.



z = 0

E(0, t) = εU0(t/ε) + ε2U1(t/ε) + ...,

ε

O(1
ε ) O(ε0)

O(ε)

−2∂z1∂ζU
(0)
i = χijU

(0)
j + χijkl∂ζζ(U

(0)
j U (0)

k U (0)
l ).

χij

χijkl

Pi = γ(E2
1 + E2

2)Ei

γ = χ1111 = χ2222 = χ1122 + χ1212 + χ1221 = χ2112 + χ2121 + χ2211.

z
χij

A B 1
2χij

a b

Az1ζ = aA +
γ

2
(A3 + B2A)ζζ,

Bz1ζ = bB +
γ

2
(B3 + A2B)ζζ.

a = b
(A, B)

&
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(z1, ζ) (z, t)

Ψt = TΨ,

Ψz = ZΨ,

T =

(
λ λUt

λUt −λ

)

Z =




λ
2U2 + 1

4λ
λ
6 (U3)tt − 1

2U
λ
6 (U3)tt + 1

2U −λ
2U2 − 1

4λ



 ,

U λ
Ψzt = Ψtz

Tz − Zt + [T, Z] = 0.

Tz − Zt =




−λ

2 (U2)z λUzt − λ
6 (U3)ttt + 1

2Ut

λUzt − λ
6 (U3)ttt − 1

2Ut
λ
2 (U2)t





[T, Z] =




λ2

6 V + λ
2 (U2)t

λ2

6 W − 1
2Ut − λU

λ2

6 W + 1
2Ut − λU λ2

6 V − λ
2 (U2)t



 ,

V := Ut(U
3)t − (U3)tUt,

W :=
1

3
(U3)t −

1

2
U2Ut −

1

2
UtU

2.

V = 0 = W

Uzt − U − 1

6
(U3)tt = 0

V = 0, W = 0
U



2 × 2

U =

(
A B
C D

)

.

V = 0 = W

UUt − UtU = 0.

U



BCt − BtC ABt − AtB + BDt − BtD

CAt − CtA + DCt − DtC CBt − BCt



 = 0.

(i) B = C = 0, i.e. U =

(
A 0
0 D

)

.

A D

(ii) B = C, A = D, so that U =

(
A B
B A

)

.

Azt = A +
1

6
(A3 + 3B2A)tt,

Bzt = B +
1

6
(B3 + 3A2B)tt.

β = 3 β = 1

β = 3
432 4̄3m m3m 432 4̄3m

(iii) B = −C, A = D, so that U =

(
A B
−B A

)

.



Azt = A +
1

6
(A3 − 3B2A)tt,

Bzt = B − 1

6
(B3 − 3A2B)tt.
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(iv) A = D, C = 0, so that U =

(
A B
0 A

)

.

Azt = A +
1

6
(A3)tt,

Bzt = B +
1

2
(A2B)tt.
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