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Abstract. Properties of two pulses propagating simultaneously in different dispersion
regimes, anomalous and normal, in a Kerr-type planar waveguide are studied in the
framework of the nonlinear Schrödinger equation. It is found that the presence of the pulse
propagating in a normal dispersion regime can cause the termination of catastrophic
self-focusing of the pulse with anomalous dispersion. It is also shown that the coupling
between pulses can give rise to spatio-temporal splitting of the pulse propagating in an
anomalous dispersion regime, but it does not necessarily lead to catastrophic self-focusing of
the pulse with normal dispersion. For the limiting case when the dispersive term of the pulse
propagating in a normal dispersion regime can be neglected, an indication (based on the
variational estimation) of the possibility of a stable self-trapped propagation of both pulses is
obtained. This stabilization is similar to the one which was found earlier in media with
saturation-type nonlinearity.

Keywords: Anomalous and normal dispersion regimes, Kerr-type planar waveguide,
catastrophic self-focusing, nonlinear Schrödinger equation

1. Introduction

The propagation of a dispersive light pulse in a
planar waveguide with positive, instantaneous Kerr-type
nonlinearity can be described by the (2+1)-dimensional
nonlinear Schrödinger equation (NSE) [1]:

i
∂

∂ζ
# +

σ

2
∂2

∂τ 2
# +

1
2

∂2

∂ξ 2
# + |#|2# = 0, (1)

where the parameters ζ, τ, ξ are as defined in appendix A.
Equation (1) is valid only for pulses in the picosecond

range; for shorter pulses additional terms, due to a higher-
order dispersion, for example, should be included. The
last term in equation (1) describes Kerr-type nonlinearity;
second and third terms are associated, respectively, with
diffraction, which causes spreading of the pulse in space, and
first-order group velocity dispersion, which leads to temporal
broadening of the pulse. Parameter σ , which can be either
positive (for anomalous dispersion) or negative (for normal
dispersion), is the dispersion-to-diffraction ratio [2]. The
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spatio-temporal dynamics of the pulse depends, to a high
degree, on the sign of this parameter.

It is known that some solutions of the (2+1)-dimensional
NSE can develop into a singularity of the electric field in the
self-focus point. This phenomenon, known as catastrophic
self-focusing, occurs simultaneously in space and time for
pulses propagating in planar waveguides with anomalous
group velocity dispersion (GVD) (equation (1) with σ >

0) [1, 3], and also for dispersionless beams propagating in
self-focusing bulk media (equation (1) with the dispersive
term replaced by a diffraction term) [4] when parameters
of the system are above the threshold of catastrophic self-
focusing [5], which is usually computed with the aid of the
method of moments [6–8], the variational method [3,9], and
also numerical simulations [1, 10, 11]. The occurrence of
catastrophic self-focusing is not only non-physical, it also
prevents examination of the pulse behaviour behind the self-
focus, for it emerges just as an artifact of approximations
made when deriving the NSE. In order to avoid this
limitation, either some nonlinear stabilization mechanisms
such as saturation [12] or non-locality [13] of nonlinearity,
Raman scattering [14], plasma formation [15], multiphoton
ionization [16], higher-order group velocity dispersion terms
[17], an adequate composition of the above-mentioned effects
[18], or a non-paraxial treatment of the process of self-
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focusing [5, 19–23] should be included into consideration.
However the standard paraxial NSE can still serve as the
model equation for self-focusing in the case when parameters
of the system are below the threshold of catastrophic self-
focusing or, in the reverse case, for studying dynamics of a
pulse/beam in the prefocal region.

Another situation occurs when the pulse propagates
in a normal dispersion regime. In this case the terms
describing dispersion and diffraction have different signs and
two different effects, spatial self-focusing and temporal self-
defocusing, simultaneously influencing the propagation of
the pulse. This causes the situation where, in the solution
of the NSE (equation (1) with σ < 0), neither singularity
[24] nor localized steady-states occurs [25]. Moreover, this
solution is accompanied by a breaking of spatio-temporal
symmetry and a uniform structure of the pulse and can finally
lead to an occurrence of several humps in the field distribution
[25], splitting of the pulses into two sub-pulses [26], or
splitting into several sub-pulses [27]. It has also been reported
that the presence of even very small normal dispersion can
lead to the destruction of soliton breathers propagating in
nonlinear planar waveguides [28]. In the case of the (3+1)-
dimensional NSE, splitting of a pulse into two sub-pulses
has also been observed [29–32], while splitting into several
sub-pulses predicted theoretically in [20, 33–36] has been
confirmed experimentally by the authors of [20, 27, 34–38].

Thus, depending on the sign of dispersion, a dispersive
pulse propagating in a Kerr-type planar waveguide reveals
different behaviour. Catastrophic self-focusing (in the
framework of the NSE) takes place in the case of anomalous
dispersion. For normal dispersion the typical process is
spatio-temporal splitting. It seems interesting to study
an interaction between two pulses co-propagating in such
a medium, i.e. a Kerr-type planar waveguide, under the
assumption that one of them propagates in a normal
dispersion regime and another is in an anomalous regime. To
the author’s knowledge this problem has not been studied in
the literature and themain purpose of this paper is to consider
it. Note that interaction of spatially separated light beams
whose evolution is modelled by a set of n (n ! 2) nonlinearly
coupled NSEs has been studied by several authors [39–42].
Moreover, the importance of the interaction between two
pulses in a nonlinear medium has been pointed out already
by Agrawal in [43], where an intriguing effect of an induced
focusing of two beams co-propagating in a self-defocusing
medium has been reported.

It is also known that neither for anomalous dispersion
[44] nor for normal dispersion [25] do stable soliton-
like solutions of the (2+1)-dimensional (and also (3+1)-
dimensional) NSE exist. This statement also concerns
experimental results, since no soliton-like solution has been
observed in pure Kerr-like nonlinear media with two or
three transverse dimensions. From the point of view of
applications, e.g. as elements of optical switching devices
[45], the existence of stable soliton-like solutions is very
important. Therefore, solutions to this problem have been
already proposed by several authors: for example, it has
been shown that soliton-like structures can be realized
in media with saturation-type nonlinearity [12, 46–48], in
photorefractive media [49, 50], in media with quadratic

nonlinearity [51–56], in media with cascaded χ(2) − χ(3)

nonlinearity [57, 58], and also in the limiting case of
the discrete-continuous NSE which can model propagation
of short optical pulses in an array of linearly coupled
optical fibres [59]. In this paper we will consider another
possibility of obtaining a self-trapped solution in two
transverse dimensions, namely in a configuration of the
(1+1)-dimensional NSE coupled to the (2+1)-dimensional
NSE.

We proceed as follows. In section 2, two coupled NSEs
describing the co-propagation of two dispersive pulses in a
nonlinear planar waveguide and basic equations following
from the variational method will be introduced. Next, in
section 3, the problem of catastrophic self-focusing will be
considered. First, the influence of the parameters of the pulse
propagating in a normal dispersion regime on the threshold
of catastrophic self-focusing of the pulse propagating in
an anomalous dispersion regime will be studied. We will
also examine whether catastrophic self-focusing of the pulse
propagating in a normal dispersion regime can occur as
a result of the nonlinear coupling between two pulses.
In section 4, which is devoted to the problem of spatio-
temporal splitting, we will investigate whether the influence
of the pulse propagating in a normal dispersion regime can
enforce spatio-temporal splitting of the pulsewith anomalous
dispersion. In the last section, section 5, we will focus on the
limiting casewhen the dispersive termof the normal pulse can
be neglected. In this case the problem of two coupled (2+1)-
dimensional NSEs will be reduced to the system of a (1+1)-
dimensional NSE coupled to a (2+1)-dimensional NSE. The
main reason to study this configuration is to investigate a
possibility of a stable, self-trapped solution.

The interaction between pulses will be assumed to be
limited to cross-phase modulation, a nonlinear effect through
which the phase of an optical beam/pulse is affected by
another propagating beam/pulse and which can cause a
redistribution of energy within each beam/pulse. Another
effect, four-wavemixing, will be neglected, so that no energy
transfer between both pulses will be taken into consideration.
The analysis presented in this paper is based on the variational
method [60] and numerical simulations using the split-step
spectral method [61]. Throughout the paper the pulse
propagating in an anomalous (normal) dispersion regimewill
be referred to as the anomalous (normal) pulse.

2. Basic equations

The co-propagation of two optical pulses in a nonlinear
planar waveguide can be described by two coupled nonlinear
Schrödinger equations:

i
∂

∂ζ
#1 +

σ1

2
∂2

∂τ 2
#1 +

1
2

∂2

∂ξ 2
#1 + (|#1|2 + 2|#2|2)#1 = 0,

(2a)

i
∂

∂ζ
#2 +

σ2

2
∂2

∂τ 2
#2 +

µ

2
∂2

∂ξ 2
#2 + r(|#2|2 + 2|#1|2)#2 = 0,

(2b)
where the last terms represent cross-phase modulation, a
nonlinear effect which causes a coupling between pulses and
the terms before the last ones describe self-phasemodulation.
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It is assumed that the subscript j = 1 (j = 2) denotes
the anomalous (normal) pulse, henceσ1 > 0 andσ2 < 0. The
notations in equation (2b) are explained in appendix A. The
initial conditions will be taken in the form of the Gaussian
pulses

#j(ζ = 0, τ, ξ) = √
κj exp [− 1

2τ
2(1 + iCτj )]

× exp [− 1
2ξ
2(1 + iCξj )], (3)

where Cτj (Cξj ) is the temporal (spatial) chirp of the j th
pulse, j = 1, 2. The parameter κj will be called the
strength of nonlinearity of the j th pulse (see the explanation
in appendix A).

2.1. Variational method

It is known that the set of NSEs (equation (2b)) can be
obtained from the Lagrangian density given by

L = i
2

(
#∗
1
∂#1

∂ζ
− #1

∂#∗
1

∂ζ

)
+
i
2
1
r

(
#∗
2
∂#2

∂ζ
− #2

∂#∗
2

∂ζ

)

−1
2

∣∣∣∣
∂#1

∂ξ

∣∣∣∣
2

− σ1

2

∣∣∣∣
∂#1

∂τ

∣∣∣∣
2

− 1
2

µ

r

∣∣∣∣
∂#2

∂ξ

∣∣∣∣
2

−1
2

σ1

r

∣∣∣∣
∂#2

∂τ

∣∣∣∣
2

+
1
2
|#1|4 + 2|#1|2|#2|2 +

1
2
|#2|4. (4)

Following the variational method [60] let us choose a
proper multi-parametric trial function for the solution of
equation (2b). Since in this paper we consider the Gaussian
initial condition (equation (3)) it is natural to take as the trial
function the Gaussian function:

#j = Aj(ζ ) exp
[
−1
2

τ 2

wτj(ζ )

]
exp

[
−1
2

ξ 2

wξj (ζ )

]

× exp
[
i
2
τ 2Cτj (ζ )

]
exp

[
i
2
ξ 2Cξj (ζ )

]
, (5)

with 12 parameters: the complex conjugate amplitudes,
Aj , A

∗
j , the temporal and the spatial widths, wτj , wξj , and

the temporal and the spatial chirps, Cτj , Cξj , where j =
1, 2. From the initial condition (equation (3)) it follows that
Aj(ζ = 0) = √

κj , wτj (ζ = 0) = wξj (ζ = 0) = 1.
The evolution equations for the parameters of the trial

function are obtained by varying the reduced Lagrangian

〈L〉 :=
∫ ∞

−∞
L dξ dτ,

into which the trial function (equation (5)) is inserted, with
respect to the parameters of the trial function, Aj , A

∗
j , wτj ,

wξj , Cτj , Cξj . We obtain the following 12 coupled ordinary
differential equations:
d
dz

I1 = 0 (6a)

d
dz

I2 = 0 (6b)

d2wτ1

dζ 2
= σ 21

w3
τ1

− σ1

2
I1

w2
τ1wξ1

− 4I2wτ1σ1

(w2
τ1 + w2

τ2)
3
2 (w2

ξ1 + w2
ξ2)

1
2

(7a)

d2wξ1

dζ 2
= 1

w3
ξ1

− 1
2

I1
wτ1w

2
ξ1

− 4I2wξ1

(w2
τ1 + w2

τ2)
1
2 (w2

ξ1 + w2
ξ2)

3
2

(7b)
d2wτ2

dζ 2
= σ 22

w3
τ2

− σ2

2
I2r

w2
τ2wξ2

− 4I1wτ2σ2r

(w2
τ1 + w2

τ2)
3
2 (w2

ξ1 + w2
ξ2)

1
2

(7c)
d2wξ2

dζ 2
= µ2

w3
ξ2

− µ

2
I2r

wτ2w
2
ξ2

− 4I1wξ2µr

(w2
τ1 + w2

τ2)
1
2 (w2

ξ1 + w2
ξ2)

3
2

(7d)

Cτ1 = − 1
σ1

d ln(wτ1)

dz
(8a)

Cξ1 = −d ln(wξ1)

dz
(8b)

Cτ2 = − 1
σ2

d ln(wτ2)

dz
(8c)

Cξ2 = − 1
µ

d ln(wξ2)

dz
(8d)

dφ1
dz

= 3
4
|A1|2 − 1

2
σ1

w2
τ1
+
1

w2
ξ1

+I1
2 + w2

τ1/(w
2
τ1 + w2

τ2) + w2
ξ1/(w

2
ξ1 + w2

ξ2)

(w2
τ1 + w2

τ2)
1
2 (w2

ξ1 + w2
ξ2)

1
2

(9a)

dφ2
dz

= 3
4
r|A2|2 − 1

2
σ2

w2
τ1
+

µ

w2
ξ2

+I2r
2 + w2

τ2/(w
2
τ1 + w2

τ2) + w2
ξ2/(w

2
ξ1 + w2

ξ2)

(w2
τ1 + w2

τ2)
1
2 (w2

ξ1 + w2
ξ2)

1
2

(9b)

where Ij := wτj (ζ )wξj (ζ )|A(ζ )|2 = κj = const. From
equations (6a) and (6b), which are actually the energy
conservation laws for two pulses, Nj :=

∫ ∫
|#j |2 dτ dξ =

πIj , it follows that there is no energy transfer between the
pulses.

The set of equations (6a)–(9b) is rather complicated and
only in the special case when σ1 = σ2 = 1, I2 = 0 is the
analytical solution

wξj (ζ ) = wτj (ζ ) =
[
1 + ζ 2

(
1− κj

2

)] 1
2
, j = 1, 2

available [62]. More general situations should be treated
numerically, e.g. by using the Runge–Kutta method [63].
Still, equations (7a)–(7d) can be simplified to one evolution
equation. To proceed, let us first rewrite equations (7a)–(7d)
in the form

d2wτ1

dζ 2
= −σ1

2
∂

∂wτ1
V1(wτ1, wξ1, wτ2, wξ2),

d2wξ1

dζ 2
= −1

2
∂

∂wξ1
V1(wτ1, wξ1, wτ2, wξ2),

d2wτ2

dζ 2
= −σ2

2
∂

∂wτ2
V1(wτ1, wξ1, wτ2, wξ2),

d2wξ2

dζ 2
= −µ

2
∂

∂wξ2
V1(wτ1, wξ1, wτ2, wξ2),
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where the potentials V1(wτ1, wξ1, wτ2, wξ2) and V2(wτ1,

wξ1, wτ2, wξ2) read as

V1(wτ1, wξ1, wτ2, wξ2) :=
σ1

w2
τ1
+
1

w2
ξ1

− I1
wτ1wξ1

− 4I1
(w2

τ1 + w2
τ2)

1
2 (w2

ξ1 + w2
ξ2)

1
2
,

V2(wτ1, wξ1, wτ2, wξ2) :=
σ2

w2
τ2
+

µ

w2
ξ2

− I2r
wτ2wξ2

− 4I2r
(w2

τ1 + w2
τ2)

1
2 (w2

ξ1 + w2
ξ2)

1
2
.

It can be also shown that the quantity W := rI2W1 +
I1W2, where

W1 :=
1
σ1

(
dwτ1

dζ

)
+

(
dwξ1

dζ

)
+ V1,

W1 :=
1
σ2

(
dwτ2

dζ

)
+
1
µ

(
dwξ2

dζ

)
+ V2,

is a constant of motion.
Again, using equations (7a)–(7d), it can be calculated

that
d2w̄
dζ 2

= 2W, (10)

where w̄ := rI2(
w2

τ1
σ1
+w2

ξ1) + I1(
w2

τ2
σ2
+ w2

ξ2
µ

) (here we assume
σ1 (= 0, σ2 (= 0, µ (= 0).

From equation (10) one can easily get the evolution
equation for w̄:

w̄(ζ ) = Wζ 2 + ζ
∂w̄

∂z

∣∣∣∣
ζ=0

+ w̄(ζ ). (11)

3. Catastrophic self-focusing

This section is devoted to the problem of catastrophic self-
focusing, which can occur in the solution of the set of
equation (2b). Our analysis is based on the variational
method and numerical simulations and the comparison of
the results of both. Note that once we have specified the
threshold of catastrophic self-focusing we then know for
which parameters of the system the NSE is valid and we
can use this information in further research.

From the point of view of analytical estimations, which
can be done using the method of moments [8, 64] or
the variational method [65], catastrophic self-focusing is
identified with a development of a singularity in the solution
at a finite distance of propagation.

Let us briefly discuss the case of a single pulse, i.e. let
us make the assumption that I2 = 0 and I := I1, σ :=
σ1, wτ := wτ1, wξ := wξ1. Then we get that

W := 1
σ

(
dwτ

dζ

)
+

(
dwξ

dζ

)
+ V,

with the potential

V (wτ , wξ ) :=
σ

w2
τ

+
1

w2
τ

− I

wτwξ

and
w̄ = w2

τ

σ
+ w2

ξ ,

whereas equations (10) and (11) still remain valid. From
equation (11) it follows that the quantity w̄ goes to zero on
a finite distance of propagation when one of the following
conditions is satisfied:

W < 0,

W = 0 and
∂w̄

∂ζ

∣∣∣∣
ζ=0

< 0,

W > 0 and
∂w̄

∂ζ

∣∣∣∣
ζ=0

" −2
√

Ww̄(0).

(12)

A vanishing of w̄ can be associated with a singularity of
the solution of the NSE (equation (1)) only when dispersion
is anomalous, σ > 0, since only in this case can the quantity
w̄ be interpreted as an average width of the pulse and the
condition w̄ = 0 is equivalent to a simultaneous vanishing
of both widths of the pulse. Therefore, for the Gaussian
initial condition (equation (3) with κ := κ1) without initial
chirp, Cτ (0) := Cτ1(0) = 0, Cξ (0) := Cξ1(0) = 0, i.e.
for ∂w̄

∂ζ
|ζ=0 = 0, catastrophic self-focusing of the pulse with

anomalous dispersion will arise when the condition W < 0
is satisfied, i.e. when

κ > κV cat = σ + 1. (13)

Note that the condition given by equation (13) agrees with the
results obtained in [8] with the aid of the method of moments
for an elliptic Gaussian beam.

Another situation occurs in the case of normal
dispersion, namely a vanishing of the quantity w̄ means only
that w2

τ1 = σw2
ξ ; therefore, nothing about catastrophic self-

focusing can be concluded from equation (11). However,
based on the method of moments it has been demonstrated
that catastrophic self-focusing in this case does not occur
[24].

In our numerical simulations catastrophic self-focusing
is identifiedwith a discontinuity of the phaseφ(τ, ξ, ζ ) of the
amplitude # := |#|eiφ in the central point of the coordinate
system, τ = 0, ξ = 0, and with non-monotonic behaviour of
the intensity |#|2 in the central point after catastrophic self-
focusing has been reached [11]. The threshold of catastrophic
self-focusing given by the numerical analysis [10, 11, 30]

κNcat ≈ σ + 0.85

is lower than the one given by analytical estimations.
Let us examine now two coupled NSEs given by

equations (2a), (2b). We can consider three different cases:
(i) both pulses propagate in an anomalous dispersion regime,
σ1 > 0, σ2 > 0; (ii) both pulses propagate in a normal
dispersion regime, σ1 < 0, σ2 < 0; (iii) pulses propagate
in different dispersion regimes, anomalous and normal, σ1 >

0, σ2 < 0.
In the first case, when both pulses propagate in

anomalous dispersion regimes, the threshold of catastrophic
self-focusing can be calculated in a similar way as was done
for a single pulse and is given by equation (12). For the
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Gaussian initial condition (equation (3)) without initial chirp,
Cτ1(0) = Cξ1(0) = Cτ2(0) = Cξ2(0) = 0, i.e. when
∂w̄
∂ζ

|ζ=0 = 0, catastrophic self-focusing occurs when the
conditionW < 0, which reads as

rI2(σ1 +1−κ1−2κ2)+I1(σ2 +µ− rκ2−2rκ1) < 0, (14)

is satisfied.
Since vanishing of the quantity w̄, which can be

interpreted as an average width of the pulses, is associated
with a simultaneous vanishing of both widths of both pulses,
then it can be concluded that when catastrophic self-focusing
of one of the pulse occurs, it also occurs for the second
one. This conclusion and the condition (14) written for the
symmetric case, σ1 = σ2 = µ = r = 1, agree with the
results obtained in [39–42] for two cylindrically symmetric,
spatially separated beams whose distance vanishes.

In the case of two pulses propagating in a normal
dispersion regime the situation is simple: catastrophic self-
focusing does not develop, even for very large strengths of
nonlinearity of the pulses.

The situation is more complicated when the pulses
propagate in different dispersion regimes, anomalous and
normal: the threshold of catastrophic self-focusing cannot be
calculated from equation (11), therefore numerical solutions
of equations (7a)–(7d) should be performed in order to
analyse this problem. The first goal of our study is to
examine an influence of the parameters of the normal
pulse on the threshold of catastrophic self-focusing of the
anomalous pulse. The parameters of the anomalous pulse
have, therefore, been chosen in such a way that the relations
κ1 > κV cat = 1 + σ1 (in the variational method), and κ1 >

κNcat = 0.85+σ1 (in the numerical simulations) are satisfied,
which mean that catastrophic self-focusing of the anomalous
pulse will develop when there is no coupling between pulses.
Then the parameters of the normal pulse, i.e. the strength of
nonlinearity, κ2, and the dispersion-to-diffraction ratio, σ2,
are varied. We found that catastrophic self-focusing of the
pulse propagating in an anomalous dispersion regime can be
arrested by the influence of the pulse propagating in a normal
dispersion regime.

The results following from the variational method are
shown in figure 1. The shaded area denotes the range of
the parameters of the normal pulse, κ2 and σ2, for which
catastrophic self-focusing of the anomalous pulse does not
occur. It is evident that for small nonlinearity of the normal
pulse, κ2, the term describing cross-phase modulation of
the anomalous pulse is negligible as compared with self-
phase modulation. Therefore, the process of catastrophic
self-focusing cannot be stopped and it takes place for all
values of σ2. When the strength of nonlinearity κ2 increases,
the influence of the normal pulse on the anomalous pulse
through the cross-phase modulation term increases and then
it is possible, for some values of the dispersion-to-diffraction
ratio, |σV low(κ2)| < |σ2| < |σV upp(κ2)|, to stop catastrophic
self-focusing. The lower threshold, |σV low(κ2)|, in the
beginning decreases with an increase of the strength of
nonlinearity of the normal pulse, κ2. For a sufficiently large
nonlinearity, κ2 > κV low, the lower threshold becomes zero.
The upper threshold, |σV upp(κ2)|, increases with an increase
of nonlinearity. The existence of the lower threshold can

Figure 1. The results of the variational method displaying the
dependence of the threshold of catastrophic self-focusing of the
pulse propagating in an anomalous dispersion regime, #1, on the
parameters of the pulse propagating in a normal dispersion regime,
#2. The shaded area denotes the range of the parameters, the
strength of nonlinearity, κ2, and the dispersion-to-diffraction ratio,
σ2, for which catastrophic self-focusing does not occur. The
parameters of the anomalous pulse have been chosen in such a way
that they are above the threshold of catastrophic self-focusing in a
single propagation regime: i.e. for (a) κ1 = 2.2, σ1 = 1.0, for (b)
κ1 = 2.3, σ1 = 1.0.

be explained as follows: when |σ2| < |σV low| is small,
the dispersive term of the normal pulse is negligible as
compared with diffraction. Therefore, the most important
role in the propagation of the normal pulse is played by self-
focusing, which not only does not lead to an arresting of
catastrophic self-focusing, but even additionally enhances it.
A similar situation is known, for example, in a configuration
of two beams, which co-propagate in a bulk medium and
have the same amplitudes [39]: namely the critical value of
nonlinearity necessary for catastrophic self-focusing is three
times smaller than in the case when they propagate as single
pulses, as can be calculated, e.g., from equation (14). On
the other hand, for large |σ2|, we have a broadening of the
normal pulse with a significant spreading of the energy out
from the centre of the coordinate system, ξ = 0, τ = 0,
while for the anomalous pulse there is a tendency of the
energy to concentrate in the centre. Then the overlap of
two pulses becomes negligible, so that the coupling between
them through cross-phase modulation is very small and
catastrophic self-focusing of the anomalous pulse cannot be
stopped by the influence of the normal pulse.

The results obtained with the aid of the numerical
calculations are shown in figure 2. They confirm predictions
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Figure 2. The results of the numerical simulations displaying the
dependence of the threshold of catastrophic self-focusing of the
pulse propagating in an anomalous dispersion regime, #1, on the
parameters of the pulse propagating in a normal dispersion regime,
#2: i.e. the strength of nonlinearity, κ2, and the
dispersion-to-diffraction ratio σ2. Full circle (empty triangle)
points denote the occurrence (lack) of catastrophic self-focusing.
The parameters of the anomalous pulse have been chosen in such a
way that they are above the threshold of catastrophic self-focusing
in a single propagation regime, i.e. κ1 = 2.0, σ1 = 1.0.

of the variational method. Namely, catastrophic self-
focusing of the anomalous pulse can be arrested by the
pulses propagating in a normal dispersion regime when the
strength of nonlinearity is sufficiently large, κ2 > κNlow,
and the dispersion-to-diffraction ratio satisfies the relation
|σNlow(κ2)| < |σ2| < |σNupp(κ2)|.

Another question is whether the nonlinear coupling
between pulses can cause catastrophic self-focusing of the
pulse propagating in a normal dispersion regime. As it has
been already mentioned, in the case of two simultaneously
propagating pulses with anomalous dispersion catastrophic
self-focusing of one of the pulse is associated with
catastrophic self-focusing of the other one, and both widths
of both pulses go to zero simultaneously when catastrophic
self-focusing occurs.

However, the variational method demonstrates that in
the case discussed here catastrophic self-focusing of the
anomalous pulse does not necessarily lead to catastrophic
self-focusing of the normal pulse. Namely, when
catastrophic self-focusing of the anomalous pulse occurs, the
normal pulse can demonstrate, depending on the parameters
of the system, two different characteristics: (i) both widths of
the pulse initially decrease reaching a minimum on a certain
distance of propagation and then they start to increase; (ii)
the spatial width of the pulse vanishes to zero on a finite
distance of propagation whereas the temporal width initially
decreases, reaching a minimum on a certain distance of
propagation, and then it increases. In particular, the case
(i) can be realized for the following parameters of the system
κ1 = 3, κ2 = 3, σ1 = 1, σ2 = −7, while the case (ii) occurs,
for example, when κ1 = 3, κ2 = 3, σ1 = 1, σ2 = −1.
An effect, similar to (ii) has been also observed in the case
of a pulse that propagates in a bulk medium with normal
dispersion and whose dynamics is modelled by the (3+1)-
dimensional NSE: namely catastrophic self-focusing of this
pulse occurswhen only the spatialwidths vanish to zerowhile
the temporal width is not allowed to reach zero value [66].

The numerical simulations have not confirmed the
results of the variational method concerning a possibility of
catastrophic self-focusing of the normal pulse whose spatial
width vanishes to zero on a certain distance of propagation, ζ ,
and whose temporal width is left larger than zero. However,
no definite statement that this effect is prohibited can bemade
either. Additional calculations should be performed to clarify
this question.

We can therefore conclude, based on the variational
method and the numerical simulations, that catastrophic self-
focusing of the anomalous pulse does not necessarily lead to
catastrophic self-focusing of the normal pulse.

4. Spatio-temporal splitting

In this section the problem of spatio-temporal splitting is
discussed in more detail. The origin of spatio-temporal
splitting of a single pulse propagating in a normal dispersion
regime in Kerr-type planar waveguides [26, 27, 67] or bulk
media [29–32] is the fact that spatial self-focusing (in
one or two dimensions) and temporal self-defocusing act
simultaneously during the propagation. Therefore, in space,
there is a tendency of the energy to concentrate in the centre
of the coordinate system, τ = 0, ξ = 0, whereas in time
a spreading of the energy away from the centre takes place.
Whenboth effects are combined, local focusing areas develop
away from the centre and, as a result, spatio-temporal splitting
of the pulse into several sub-pulses takes place [27]. The
number of sub-pulses emerging in this way, for a sufficiently
large propagation distance, is proportional, as it has been
proposed in [27], to the order of the temporal soliton, N :=√

κ/σ , where the parameters of the (1+2)-dimensional NSE
(equation (1)) σ and κ denote respectively the dispersion-to-
diffraction ratio and the strength of nonlinearity. Specifically,
splitting of the pulse into two sub-pulses has been observed
[26] in the system with parameters ζ = 2, κ = 4, σ = −0.1,
while in [27] splitting of the pulse into three sub-pulses has
been obtained for ζ = 0.15, κ = 100, σ = −3.

Although we have not verified the statement that the
number of sub-pulses is proportional to the order of temporal
soliton, N , since it was not the purpose of our study, we
have observed that in the case of a single pulse with normal
dispersion the tendency of the pulse to split increases when
the strength of nonlinearity, κ , increases and when the
dispersion-to-diffraction ratio, σ , decreases. Still, it remains
for us an open question whether the humps in the field
distribution of a pulse mentioned in [25] can be identified
with sub-pulseswhose existence is demonstrated in this paper
and in [26, 27]. If this is not the case, we could take the
opportunity to speculate that the splitting of a pulse could
not be observed by the authors of [25] since the strength of
nonlinearity used by themwas relatively weak, κ ≈ 1.76 (the
dispersion-to-diffraction ratio was chosen to be σ ≈ −0.32)
and only small local humps, instead of full pulse splitting,
could be detected.

Some agreement between numerical and variational
solutions of the NSE with normal dispersion has been
demonstrated in the literature. For example, in [25, 27]
it has been shown, respectively, that in both methods the
number of oscillations of the peak amplitude of the pulse
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Figure 3. The spatio-temporal dependence of the intensity of the anomalous pulse (a) co-propagating with the normal pulse (b) and the
spatio-temporal dependence of the intensities of both pulses, the anomalous one (c) and the normal one (d) when they propagate separately.
The following parameters of the system have been chosen: σ1 = 1.0, κ1 = 1.88, σ2 = −0.1, κ2 = 2.0; the propagation distance ζ = 1.0.

is the same and that there is a similarity in evolution of the
average squarewidths of the pulses. Nevertheless, in all cases
when spatio-temporal splitting of pulses has been observed,
numerical simulations have been used [27,30,32,37,67]. The
variational method is not appropriate to predict the splitting
of pulses, since it requires the solution to have a shape which
does not change in propagation. When a Gaussian function
is chosen as the initial condition, as we have done in this
paper, it is difficult (if not impossible) to guess at a trial
function which would satisfy the initial condition and also
could describe spatio-temporal splitting of the pulse. Here, it
is worthwhile to recall that the variational method cannot be
applied to predict, for example, the formation of higher-order
solitons in planar waveguides or optical fibres [60].

Since the variational method is not applicable to the
study of spatio-temporal splitting of two pulses propagating
simultaneously in a nonlinear planarwaveguide, the results of
this section are due to numerical simulations. Figures 3 and 4
show the spatio-temporal dependences of intensities of both
pulses, the anomalous one (figures 3(a) and 4(a)), and the
normal one (figures 3(b) and 4(b)), for different longitudinal
variables, ζ . Parameters of the pulses were chosen in
such a way that when they propagate as single pulses the
following effects take place on large propagation distances:
(i) symmetric, spatio-temporal broadening of the anomalous
pulse without occurrence of catastrophic self-focusing (see

figures 3(c) and 4(c)); and (ii) large asymmetrical, spatio-
temporal broadening of the normal pulse without splitting
into sub-pulses (see figures 3(d) and 4(d)). The case (i)
occurs when the conditions σ1 = 1 and κ1 < κV cat = 1 + σ1
are satisfied, while the case (ii) does when the strength
of nonlinearity, κ2, is sufficiently small. When the pulses
propagate simultaneously, i.e. there is a nonlinear coupling
between them, the situation becomes qualitatively different,
as can be seen from figures 4(a) and (b). Namely, spatio-
temporal splitting of both pulses can develop, so that for
the propagation distance ζ = 2 the anomalous (normal)
pulse becomes divided into n = 3 (n > 10) sub-pulses.
The effect of splitting of the anomalous pulse, which does
not occur when it propagates as a single pulse, can be
explained as follows. When the nonlinear coupling between
pulses through cross-phase modulation is present one pulse
can induce a redistribution of energy of the other pulse.
Therefore, if there are some local focusing areas in the
distribution of energy of one pulse, the energy of the other
pulse tends to concentrate there. Such a tendency has
been already pointed out by Agrawal, who has observed
the occurrence of local focusing areas in the distribution of
energy of two beams which co-propagate in a defocusing
nonlinear medium [43].

691



M E Pietrzyk

Figure 4. The spatio-temporal dependence of the intensity of the anomalous pulse (a) co-propagating with the normal pulse (b) and the
spatio-temporal dependence of the intensities of both pulses, the anomalous one (c) and the normal one (d) when they propagate separately.
The parameters of the system are the same as in the case considered in figure 3: i.e., σ1 = 1.0, κ1 = 1.88, σ2 = −0.1, κ2 = 2.0, the only
difference is that the distance of propagation is larger, ζ = 2.0.

5. The limiting case of vanishing dispersion of the
normal pulse

In this section we consider the limiting case when the
dispersive term of the normal pulse can be neglected. We
apply the variational method and numerical simulations and
compare their results. We assume that the initial condition
has the shape of the Gaussian function given by equation (3)
and concentrate basically on the question as to whether there
exists a stable self-trapped solution of the above-mentioned
system of equations.

First we briefly discuss the case when the pulses
propagate in a planar waveguide separately, i.e. when there
is no coupling between them. Specifically, we consider (i)
the propagation of a pulse with anomalous dispersion and
(ii) the propagation of a dispersion-less beam. The case (i)
can be described by the (2+1)-dimensional NSE, which does
not have stable, self-trapped solutions. Thus, depending on
parameters of the system, either spatio-temporal spreading
of the pulse or catastrophic self-focusing develops. The
case (ii) is described by the (1+1)-dimensional NSE which
depends only on one transverse variable ξ and being an
integrable system possesses the familiar soliton solution
given by the sech function [4]. Taking the Gaussian function
(equation (3)) which depends on two transverse variables

τ and ξ from the variational method we obtain that the
temporal width of the pulse is constant while the spatial width
oscillates. These oscillations are due to the fact that the
shape of the Gaussian trial function differs from the exact
soliton solution given by the sech function [68]. However,
numerical simulations lead to a slightly different behaviour.
Namely, the temporal width of the pulse appears to oscillate
in synchronization with the spatial width. Amplitudes of
both oscillations decrease with the longitudinal variable ζ

and vanish at finite ζ when the spatial soliton is formed [69].
Now, let us take into account the nonlinear coupling

between pulses and discuss briefly the aspect of catastrophic
self-focusing. Based on the variational method we have
observed that when parameters of the anomalous pulse are
chosen in such a way that catastrophic self-focusing does
not occur when it propagates as a single pulse, i.e. when the
condition κ1 < 1 + σ1 is satisfied, then also in the case of the
anomalous pulse coupled to the normal pulse no catastrophic
self-focusing of both of them occurs, even for very large
strengths of nonlinearity of the normal pulse, e.g. κ2 = 20.
However, when the condition κ1 < κV cat = 1 + σ1 is not
fulfilled a similarity to the case discussed in section 3 can be
found, namely three different behaviours of the pulses can
be observed: (i) no catastrophic self-focusing of both pulses;
(ii) catastrophic self-focusing of the anomalous pulse; (iii)
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Figure 5. The results obtained using the variational method displaying the dependence of the temporal, wτ , and spatial wξ , widths of the
anomalous pulse (a) co-propagating with the normal pulse (b), for the following parameters of the system: κ1 = 1.0, σ1 = 1.0, κ2 = 2.0,
σ2 = 0.0.

catastrophic self-focusing of both pulses, the spatial width of
the normal pulse vanishes to zero while his temporal width
remains larger than zero.

The above results obtained in the variational method
have been verified in the numerical simulations except for
case (iii): that is a development of catastrophic self-focusing
of the normal pulse whose spatial width vanishes to zero on a
certain distance of propagation, ζ , and whose temporal width
is left larger than zero has not been observed, but also no
definite statement that this effect is prohibited can be made.
Therefore, additional calculations should be performed to
clarify this question. However, that is not a purpose of
this section. Rather, we are interested in the possibilities
of formation of self-trapping solutions and, therefore, we
will now restrict our analysis to parameters of the pulses
which assure that no catastrophic self-focusing occurs, i.e.,
that condition κ1 < κNcat ≈ 0.85 + σ1 is satisfied.

From the variational method it follows that the evolution
of the normal pulse coupled to the anomalous one is
essentially similar to that of the single normal pulse. Namely,
the temporal width of the pulse does not depend on the
longitudinal variable, ζ , as is seen from equation (8c) with
the neglected dispersion of the normal pulse σ2 = 0, while
the spatial width of the pulse undergoes periodic oscillations
(see figure 5(b)). The propagation of the anomalous pulse
coupled to the normal one is, however, qualitatively different
to the behaviour of a single anomalous pulse. Namely, both
temporal and spatial widths of the pulse undergo periodic
oscillations (see figure 5(a)). Therefore, neither spatio-
temporal spreading nor catastrophic self-focusing of the
anomalous pulse can develop and a self-trapped solution
arises. Note that a similar self-trapped solution was found
in the case of a (2+1)-dimensional NSE with the saturation
of nonlinearity [12].

We also performed numerical simulations for the case of
simultaneously propagating pulses. The results are displayed
in figure 6 from which it is evident that the temporal and
spatial widths of both pulses oscillate in synchronization,
with the amplitude of the temporal oscillations smaller
than the amplitude of the spatial ones. Unfortunately,
the numerical calculations are rather laborious and we
have not yet been able to calculate evolution for longer

longitudinal variables, ζ > 2, so that we do not know
whether the amplitude of oscillations decreases with ζ and
whether or not spreading and catastrophic self-focusing of
the anomalous pulse develop. Nevertheless, the currently
available numerical results suggest that a self-trapped
solution can exist in the configuration under discussion.
Further calculations should clarify this question.

Note that a configuration of two simultaneously
propagating pulses could also be used in optical compression
techniques since, as is seen from figure 6(a), for some
particular values of the longitudinal distance ζ the temporal
width of the anomalous pulse decreases by about five times
the initial width.

6. Conclusions

In this paper properties of two pulses propagating simultane-
ously in different dispersion regimes, i.e. anomalous and nor-
mal, in a Kerr-type planar waveguide were considered. The
propagation is described by two coupled NSEs. The interac-
tion between pulses is assumed to be limited to cross-phase
modulation. Four-wave mixing is neglected, i.e. no energy
transfer between pulses is taken into account. The accuracy
of another assumption used in the analysis, the omitting of
the difference of group velocities of the pulses, is discussed in
appendix B. Our analysis is based on the variational method
and numerical simulations.

First we studied the influence of the parameters of
the pulse propagating in a normal dispersion regime on
the threshold of catastrophic self-focusing of the pulse
with anomalous dispersion. We observed that catastrophic
self-focusing of the pulse propagating in an anomalous
dispersion regime can be arrested by the pulse propagating in
a normal dispersion regime when the strength of nonlinearity
is sufficiently large, κ2 > κXlow, and the dispersion-to-
diffraction ratio satisfies the relation: |σXlow(κ2)| < |σ2| <

|σXupp(κ2)|. In this notation X ≡ V (X ≡ N ) concerns
the results obtained in the variational method (numerical
simulations). We also investigated whether the nonlinear
coupling between pulses can cause catastrophic self-focusing
of the pulse propagating in a normal dispersion regime. The
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Figure 6. The results obtained using the numerical simulations displaying the dependence of the temporal, wτ , and spatial wξ , widths of the
anomalous pulse (a) co-propagating with the normal pulse (b) for the following parameters of the system: κ1 = 1.0, σ1 = 1.0, κ2 = 2.0,
σ2 = 0.0.

variational method indicates that when catastrophic self-
focusing of the anomalous pulse occurs, the normal pulse
can display, depending on the parameters of the system,
two different characteristics: (i) both widths of the pulse
initially decrease reaching a minimum on a certain distance
of propagation and then they start to increase, (ii) the spatial
width of the pulse vanishes to zero on a finite distance of
propagation whereas the temporal width initially decreases
reaching a minimum on a certain distance of propagation
and then it increases. The occurence of catastrophic self-
focusing of the normal pulse has not been observed in the
numerical simulations. Therefore, we can conclude, based
on the variational method and the numerical simulations, that
catastrophic self-focusing of the anomalous pulse does not
necessarily lead to catastrophic self-focusing of the normal
pulse.

We found also, using the numerical simulations, that
the presence of the pulse propagating in a normal dispersion
regime can lead to spatio-temporal splitting of the pulse
propagating in an anomalous dispersion regime. Recall that
splitting of an anomalous pulse into several pulses does not
occur when it propagates as a single pulse.

Finally, we considered the limiting case of vanishing
dispersion of the pulse propagating in a normal dispersion
regime with parameters of the pulse chosen in such a way
that catastrophic self-focusing does not occur, i.e. that the
conditions κ1 < κV cat = 1 + σ1 (in the variational method)
and κ1 < κNcat = 0.85 + σ1 (in the numerical simulations)
are satisfied. The main motivation was to see whether such
a configuration can lead to a stable self-trapped propagation
of a pulse with anomalous dispersion. A positive answer
was obtained within the variational method which confirms
that neither spatio-temporal spreading nor catastrophic self-
focusing of the anomalous pulse can develop thus giving rise
to a self-trapped solution. Note that this kind of stabilization
is similar to that which has been found earlier in media with
saturation-type nonlinearity [12]. Although the existing data
supports the existence of a self-trapped solution, conclusive
results require laborious simulations at high values of the
longitudinal variable ζ > 2 and are not yet available (work
in progress).

Note, in conclusion, that the existence of a stable self-
trapped solution could be useful, for example, in optical
switching devices. The configuration of two simultaneously
propagating pulses in a planar waveguide could also be of
use in optical compression techniques.
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Appendix A

The notation in equations (1) and (2a, b) is as follows [2]:
ζ = z/zDF1 is the longitudinal coordinate normalized to the
Fresnel diffraction length of the anomalous pulse, ξ = x/w1
is the spatial transverse coordinate normalized to the initial
spatial width of the anomalous pulse, and τ = (t − β

(1)
1 z)/t1

is the local time normalized to the initial temporal width of
the anomalous pulse. The parameters σj = zDF1/zDSj , µ =
zDF1/zDF2 and r = λ1/λ2 = ω2/ω1 denote, respectively,
the dispersion-to-diffraction ratio, the ratio of the Fresnel
diffraction length of the anomalous pulse to the Fresnel
diffraction length of the normal pulse and, finally, the ratio
of the carrier frequency of the anomalous pulse to the carrier
frequency of the normal pulse. #j :=

√
κjUj (ζ, τ, ξ)/Uj0

denotes the normalized amplitude of the j–s pulse, where
Uj(ζ, τ, ξ) is the amplitude of the slowly varying envelope of
the electric field, andUj0 := Uj(0, 0, 0) is the dimensionless
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initial peak amplitude. The parameter κj := (zDFj/zNLj )
2

defined as the strength of nonlinearity of the j–s pulse is
proportional to the nonlinear part, n2, of the refractive index
of a medium, n := n0 + n2|Uj |2, to the initial peak intensity,
|Uj0|2, and to the square of the spatial width of the pulse,
w2

ξj . Note also that in the case of the (1+1)-dimensional
NSE, i.e. when σj = 0, the quantity √

κj can be interpreted
as the order of spatial soliton, so that a first-order soliton
arises when κj = 1 [61]. The dispersive terms are defined
as follows: β

(0)
j := β(0)(ωj ) = ωj/c is the wavenumber,

β
(1)
j := ∂β/∂ω|ω=ωj

= 1/vgj is the reverse group velocity
and β

(2)
j := ∂2β/∂ω2|ω=ωj

is the group velocity dispersion.
The parameters zDFj := β

(0)
j n0(ωj )w

2
i , zDSj := t2j /β

(2)
j ,

zNLj := wj

√
n0/(2n2|U0j |2),wj , tj denote, respectively, the

Fresnel diffraction length, the dispersive length, the nonlinear
length, the initial spatial width and the initial temporal width
of the j–s pulse. In the above notation j = 1, 2, where the
subscript j = 1 (j = 2) refers to the anomalous (normal)
pulse.

Appendix B

Since we have assumed that pulses have different
wavelengths and different group velocity dispersions, it is
physically evident that they should also have different group
velocities. Therefore, the assumption that the difference of
the group velocities of the pulses vanishes is a simplification
accepted in this paper and should be viewed as a first step of
the analysis. When this difference does not vanish the pulses
propagate with different velocities and the overlap between
them decreases with the longitudinal variable. Therefore,
the nonlinear coupling between them also decreases. In
the limiting case of the difference of the group velocities of
the pulses approaching infinity the coupling between pulses
becomes zero and the problem of simultaneous propagation
of two pulses reduces to the case when they propagate
separately.

However, we believe that the inclusion of a small
difference of group velocities of the pulses, which should be
studied numerically, will not cause qualitative changes in the
results of this paper, such as the possibility of an arresting
of catastrophic self-focusing of the pulse propagating in
an anomalous dispersion regime by the influence of the
pulse propagating in a normal dispersion regime. The
only difference we expect is a change of the values of the
parameters, σNlow, σu, κNupp, which describe the threshold
of catastrophic self-focusing for fixed values of σ1 and κ1.
These quantitative changeswould be proportional to the value
of the difference of the group velocities of the pulses.
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