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Osiagniecia:

-hipoteza stabilnosci bardzo ci¢zkich jader o N=162 — potwierdzona

przez doSwiadczenia w GSI Darmstadt i Berkeley (USA).

-wyjasnienie zagadki istnienia dwoch kanalow rozszczepienia w izotopach fermu.
-hipoteza istnienia (metastabilnych) stanow hiperzdeformowanych w aktynowcach
- potwierdzona eksperymentalnie.

-systematyczne obliczenia dla nieparzystych jader superciezkich (do dzis
interpretacja wielu eksperymentow bazuje na tych wynikach).

-hipoteza istnienia liczby magicznej Z=126, a nie Z=114 jak dotychczas sadzono.
-hipoteza wspolistnienia ksztaltow w jadrach superci¢zkich (Nature, 433(2005)705)

www.if.pw.edu.pl/~zak7www/stefan/index_stefan.htm
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> Particle scattering at low energies.
» BCS-BEC crossover. What is the unitary regime?

» How one can manipulate the two-body interaction in
experiments with atomic gases?

» Theoretical approach: path integral description of strongly
interacting Fermi gases.

» Equation of state for the Fermi gas in the unitary regime.
Critical temperature.

> Conclusions.



Scattering at low energies
(s-wave scattering)

o +—0
<)
A= 27 >>R
k
R -radius of the interaction potential
= .- ikr
_ Jikr o€ . . .
/4 (I” ) =e + f —. f - scattering amplitude
r

/

= 1 , a - scattering length, r, - effective range
—ik — y + lr k*
a oY

If & —0 then the interaction 1s determined by the scattering length alone.



Scattering at low energies: attractive interaction
_ Do

a < (0 there 1s no bound state a >0 abound state exists

What is the energy of the dilute Fermi gas? E(kFCl) —
t Pl kS : :
(o << 1) EFZW’ n:3ﬂ2 - particle density
Perturbation 7 :1+£(kFa)[l+i(kFa)(l1—21n2)—|—..}
: Erg O 357
series: ;
Ere= = &N - Energy of the noninteracting Fermi gas

PAIRING NOT INCLUDED YET!



How pairing emerges?
a<0 pairing emerg

Fermi gas Cooper’s argument (1956)

44 iff krp |al<<1 and : <7 L °F size of the Cooper pair
. a — =——— -siz
2kpa “ “p g A
y)
% = HE(kFaz)nL...—é Bpes =1+£(kFa)+...—4—9exp &
E.. 7 8\ &, s e k.a

Hartree-Fock term BCS term



Superconductivity and superfluidity
In Fermi systems

20 orders of magnitude over a century of (low temperature) physics

v Dilute atomic Fermi gases T.~ 10'2-10°eV

v Liquid 3He T~ 107eV

Cc

v Metals, composite materials T.~ 103-102eV

v Nuclei, neutron stars T.~ 10°-10%eV

« QCD color superconductivity T,~ 107-10%eV

units (1 eV =~ 10% K)




> What is the unitary regime?

A gas of interacting fermions 1s in the unitary regime 1if the average
separation between particles 1s large compared to their size (range of
interaction), but small compared to their scattering length.

nr, < 1

il I Rl

The only scale:

nlal > 1

Epg/ _3
N_SEF

n - particle density
a - scattering length
I, - effective range

System is dilute but
strongly interacting!

o=4ra

UNIVERSALITY: E(T) = §(§)EFG

QUESTIONS: What is the shape of f(% )?
What is the critical temperafure for
the superfluid-to-normal transition?



lixpected phases offa two speciesi dilute Fermi system
BCS-BEC crossover

T

weak Interactions

Molecular BEE and

wWazl Intarsetion

. Atomic+Molecular
BES Supertluid Superfluids
>
1/a
Bose
— a>() molecule

no 2-body bound state shallow 2-body bound state



A little bit of history

Bertsch Many-Body X challenge, Seattle, 1999

What are the ground state properties of the many-body system composed of
spin 7 fermions interacting via a zero-range, infinite scattering-length contact
interaction.

Why? Besides pure theoretical curiosity, this problem is relevant to neutron stars!

In 1999 it was not yet clear, either theoretically or experimentally,
whether such fermion matter is stable or not! A humber of people argued that
under such conditions fermionic matter is unstable.

- systems of bosons are unstable (Efimov effect)

- systems of three or more fermion species are unstable (Efimov effect)

- Baker (winner of the MBX challenge) concluded that the system is stable.
See also Heiselberg (entry to the same competition)

 Carlson et al (2003) Fixed-Node Green Function Monte Carlo
and Astrakharchik et al. (2004) FN-DMC provided the best theoretical
estimates for the ground state energy of such systems: é:(T — O) ~(044

 Thomas’ Duke group (2002) demonstrated experimentally that such systems
are (meta)stable.




In dilute atomic systems experimenters can control nowadays

almost anything:

» The number of atoms in the trap: typically about 10°-10° atoms
divided 50-50 among the lowest two hyperfine states.

* The density of atoms

» Mixtures of various atoms

» The temperature of the atomic cloud

* The strength of this interaction is fully tunable!

potential
contoly Who does experiments?

e Jin’s group at Boulder

e Grimm’s group in Innsbruck
 Thomas’ group at Duke

» Ketterle’s group at MIT

e Salomon’s group in Paris

e Hulet’s group at Rice

]

L]
L]
|
I
I
I
F

i

] r
§
\I'hermal
veloud
l" I!'

%
et

{-:{:'.1 laser beams

Physics Today, v54, 20 (2001)



One fermionic atom in magnetic field

[ ] = - u -
Li ground state in a magnetic field

3 .-I:.j-'lll ‘FmF>

M i+l

e F=I+J; J=L+S

Nuclear spin  Electronic spin

sy Two hypefine states are
0 50 100 150 200 —— populated in the trap

B (Gauss)

Collision of two atoms: At |ow energies (low density of atoms) only L=0
(s-wave) scattering is effective.

* Due to the high diluteness atoms in the same hyperfine
state do not interact with one another.

» Atoms in different hyperfine states experience interactions
only in s-wave.



Feshbachresonance

—»2

ZOW#V)+%@W+VUNL%

Tiesinga, Verhaar,
Stoof, Phys. Rev.
A47, 4114 (1993)

\ losed channel
!

Open channel

“=(y,J,—v,1.)B

scattering length (a )
Energy

25 220 225 230
B (gau

resonance; @ — oo

Regal and Jin. PRL 90. 230404 (2003 Interatomic distance




Theoretical approach: Fermions on 3D lattice

Coordinate space

T f
® - Spin up fermion:
======= - Spin down fermion:
.-"... External conditions:
.'..-.. T - temperature

ERSURAE . .
HERSEEE < - chemical potential

k

o
I
&
S

g
|
& |~

L —limit for the spatial
correlations in the system

T

Momentum space Ax Y
- her’
» Eny, A, KT <<
nl)A (2_n>/L = 2m(Ax)

2 2

k, o€ > A 72
m

cut—TCIAXo 2.9 5]? . 27Th
¢> 21/ L

k



Hamiltonian

T
[

A+T}=Id3r T T(r)[ i Ajws(r) - g Id ronp(r)ng (r)

=
|l

[&r (AP +a,(P)): A,F) =9, (F)

| m mk

_ — 1 cut
g  4drh*a 27x°R° -

Running coupling constant g defined by lattice

| B m

= SPh - UNITARY LIMIT
g T X

Grand-canonical ensemble:

E(T)=<ﬁ>= : Tr{ﬁp([-},]\},T)}:%Z om (B aN,)

Z(T)

| n R
Z(T)ZTI”{,O([‘},]\A],T)}:Ze_n_(E THN, ),,O(H N T)=e¢ kT(H ”N)

Eigenenergies of the Hamiltonian are unknown!




Path integral approach:

Single-particle quantum mechanics:

<? > j D[r(t)]e I O OF

ijL(?(t),?(r))dt .
I (l"(t) I"(t)) _ mr(f) V(’j:)’ e 0 _ elS[r(t)]

o —if (t-t,)

Quantum statistical mechanics:

Z2(p)=Tr{exp(-B(H - ul)f = 3 (nlexp(~p(H ~uN)|n)

n—many
body states

S :%cT ; imaginary time: 7 = it
Z(f3) = j D[o(7,7)] pn{det[1+0({o})]}

Slo(7,7)] = —In{det[l + U({o})]} - action




A IB A A
U{c})=T. exp{—j dr|h({c}) — ul}; h({o})— one-body operator
U{oc}), = <wk|lj ({G})|I,Ul>; |w,)- single-particle wave function

A o(7,7)]e "
B(r) = (i) = (P20 7 pryio))

Z(T)
FE|U({o})]- energy associated with a given sigma field
Quantum Monte-Carlo:
Sigma space sampling

E(T)= ZE(U({cfk}))

O'kl

E(T) - stochastic variable
(E(T))=E(T)

\/<E(T) (E(T)Y /\/7

N_ - number of

uncorrelated samples




Quantum Monte-Carlo: parallel computing

A ﬁ N N
U{c})=T. exp{—J. dr|h({o}) — ul}; h({o})— one-body operator

U{c}), = <t//k| U({c}) l//l>; |w,)- single-particle wave function

For each sigma n single particle states have to be evolved.

Wn>n.|‘//3>|W2>|‘//1>

U{oh) = (wlU{eDlw)



More details of the calculations:

* Lattice sizes used from 83 x 257 (high Ts) to 83 x 1732 (low Ts), <N>=50),
and 63 x 257 (high Ts) to 6° x 1361 (low Ts), <N>=30.

» Effective use of FFT(W) makes all imaginary time propagators diagonal (either in
real space or momentum space) and there is no need to store large matrices.

» Update field configurations using the Metropolis importance sampling algorithm.

* Change randomly at a fraction of all space and time sites the signs the auxiliary
fields o(x,T) so as to maintain a running average of the acceptance rate between

0.4 and 0.6 .

* Thermalize for 50,000 — 100,000 MC steps or/and use as a start-up field
configuration a o(x,7)-field configuration from a different T

» At low temperatures use Singular Value Decomposition of the evolution operator
U({o}) to stabilize the numerics.

* Use 200,000-2,000,000 o(x,7)- field configurations for calculations

* MC correlation “time” = 150 — 200 time steps at T= T



14 Normal Fermi Gas
i (with vertical offset, solid line)
1.2 [
w40 F Bogoliubov-Anderson phonons
3. 08 and quasiparticle contribution
o | IO~ g | W (dashed line )
% 0.6 A 1
W |- ._.--'*-"-n.-,n--..,.;.,_,_,h__‘_‘ 3 Bogoliubov-Anderson phonons
Jr— TRy, 1 | contribution only (dotted line)
02| ® s=EEx &D% 1 1 People never consider this ???
L | O u - chemical potential ] = —

0.00 04 02 03 04 05 0l Quasi-particle contribution only
T/e, (dotted line)

3 5 [27A°T A 3 BA(TY
EquaSi_pamdes (T) N g gFN 5 6‘; =L (_?j E;)honons (T) :ggFN 1 6 53/2 g_ b é:s z044

F

7 7/3 .
A= (—j Er EXp
e 2k,a

A. Bulgac, J.E. Drut, P. Magierski, cond-mat/0505374






Low temperature behaviour of a Fermi gas in the unitary regime

E(T) = ggFNf (gﬂj ol “(ET) ~ & ~041(2) for T <T.
F F

u(T) :dg—](\?) = &p |:§Eg£]_gg_§ ( )} R EpG,

Lattice results disfavor
either n=3 or n<2
and suggest n=2.5(0.25)

This is the same behavior as for a gas of
noninteracting (!) bosons below
the condensation temperature.




Conclusions

v' Fully non-perturbative calculations for a spin 2 many fermion
system in the unitary regime at finite temperatures are feasible and
apparently the system undergoes a phase transition in the bulk at
T.=0.23 (2) eg
(Exp: 7, = 0.27(2) e , J. Kinast ez al. Science, 307, 1296 (2005):
Based on theoretical assumptions).

v Chemical potential is constant up to the critical temperature — note
similarity with Bose systems!

v Below the transition temperature, both phonons and fermionic
quasiparticles contribute almost equaly to the specific heat. In more
than one way the system is at crossover between a Bose and Fermi
systems.

There are reasons fo believe that below the critical tfemperature this
system is a new type of fermionic superfluid, with unusual properties.



Quest for unitary point critical temperature

X Analytics
Numerics

€ Experiment +
0.55 — assumptionns

0.50 - *

0.45 - /

i M. Holland, S. J. J. M. F. Kokkelmans,
0.40 - M. L. Chiofalo, and R. Walser,

PRL 87, 120406 (2001) J. Kinhast, A. Turlapov, J.E. Thomas,

0.35 Q. Chen, J. Stajic, K. Levin,
i Science 307, 1296 (2005)

LLILL 0.30+  P.Nozieres, S. Schmitt-Rink,
o iy J. Low. Temp. Phys 59, 195 (1985) i
~ 025 ~__
' % }4— Ours
0.20
0.15 0 K <—— X.J. Liu, H. Hu, cond-mat/0505572
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’ nucl-th/0509018 1 Private communication 2005
0.05 ,
] ® «————— M Wingate, cond-mat/0502372
0.00 -

Boris Svistunov’s talk (updated), Seattle 2005




Evidence for fermionic
superfluidity: vortices!

system of fermionic °Li atoms

Feshbach resonance: “
B=834G

BEC side: | . . .
a>0 - UNITARY REGIME
e 'f - h
(1= 2 & 8
M.W. Zwierlein et al.,
Nature, 435, 1047 (2005)

Figure 2 | Vortices in a strongly intefacting gas of fermionic atoms onthe  magnetic feld was ramped to 735 G for imaging (see text for details). The
BEC- and the BCS-side of the Feshbach resonance. At the given field, the magnetic fields were 740G (a), 766 G (b}, 792G (g}, 812G (d), 833G (e,
cloud of lithium atoms was stirred for 300 ms (a) or 500 ms (b—h) followed B43 G (f), 853G (g) and 863 G (h). The field of view of cach image is

by an eguilibration time of 500 ms. After 2 ms of ballistic expansion, the 880 pm = 880 pm.
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